Go ogle 



This is a digital copy of a book that was preserved for generations on Hbrary shelves before it was carefully scanned by Google as part of a project 
to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 
to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 
are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other marginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 
publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing this resource, we have taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 

We also ask that you: 

+ Make non- commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain from automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attribution The Google "watermark" you see on each file is essential for informing people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liability can be quite severe. 

About Google Book Search 



Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at http : / /books . google . com/ 



3 2044 097 014 948 



I 



ELEMENTS ^^^lu^^/. 



ANALYTICAL GEOMET 



EHBRACINO 




THE EQUATIONS OF l^IE POINT, TH'tT fe^AlGHT UNE, 
THE CONIC SECTIONS, AND SURFACES OF 
THE FIRST AND SECON© ORDER 

i (/ ) BY CH*A^RLES DAVIES, 

AUTHOR jbF MENTAL AND PRACTICAL ARITHMETIC, FIRST LESSONS IN ALaSHilAt 
|aUfi3«^NTS OF SURTEYINO, ELEMENTS OF DESCRIPTIVE GEOMETRY, 
IflADKS 8HAD9WS AND PERSPECTIVE, AND DIFFERENTIAL 
AND INTEGRAL CALCULUS. 





REVISED EDITION 



NEW YORK: 
PUBLISHED BY A. S. BAENES <fe CO., 

No. 51 JOHN-STREET. 
CINCINNATI:— H. W. DERBY & CO ""^^ 
1856. 




•CT If lita 



Sntered according to the Act of Congress, in the year one thousand eigh 
hundred and thirty-six, by Charles Davies, in the Clerk's Office of the 
District Court of the United States, for tlie Southern District of New- York. 



aa'-l- 1- o 

; 

r 

I 

TO 

LIEUTENANT-COLONEL S. THAYER, 

LATE SUPERINTENDENT 

or TBB 

MILITARY ACADEMY. 
Dear Sir, 

I take the liberty of inscribing to you the fol- 
lowing. Treatise on Analytical Geometry, though 
without flattering myself that the execution of the 
work will be found answerable to the utility and 
importance of the subject. 

In the organization of the Military Academy 
under your immediate superintendence, the French 
methods of instruction, in the exact sciences, were 
adopted; and near tw3nty years' experience has 
suggested few alterations in the original plan. 

The inti'oduction of these methods is considered 
an improvement worthy to form an era in the his- 




4 DEDICATION. 

lory of education in this country ; and public opin- 
ion has justly appreciated the benefits which you 
have conferred, at once on the Military Academy, 
and on the cause of science. 

These acknowledgments, prompted alike by a 
sense of justice and the dictates of private friend- 
ship, I have felt it a very grateful duty to make, 
in prefixing your name to the present work, and in 
subscribing myself, 

With great respect and regard. 

Your friend, and obedient servant, 

CHARLES DAVIES. 

Military Academy, 

West Point, July, 1836. 



PREFACE. 



Tub method, first adopted by Descartes, of rcpresenlnig 
all the parts of a geometrical figure by a single equation, 
has wrought an entire change in the mathematical and 
physical sciences. By means of this happy invention, 
modes of investigation at once difiicult and disconnected, 
and depending for success in each particular case on the 
skill and ingenuity of the inquirer, and often on accident, 
are reduced to a simple and uniform process. The great 
work of La Place, which from the single law of gravitation 
deduces the formulas for determining all the circumstances 
of the solar system, at any period of time, is its legitimate 
fruit. 

In France, much labor and talent have been successfully 
employed in preparing elementary books on this branch of 
mathematics, and the schools and colleges are abundantly 
supplied with those of distinguished merit. In this country, 
however, it is quite otherwise. No original work has yet 
appeared, and the translation of one of the most imperfect 
of the French, and the republication of an English aulhon 
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can hardly be considered as supplying the seminaries of 
the United States with suitable text books on so important 
a branch of science. 

For about sixteen years the subject of Analytical Geome- 



at the Military Academy, and the methods which have been 
adopted in the present work, are those which have been 
taught with the greatest success. The admirable treatises 
of Biot and Bourdon have been freely consuked, and many 
of the examples in the seventh book have been selected 
from the former work. The system of Biot has also been 
somewhat followed. It has been the intention to furnish a 
useful text-book, and no attempt has been made to depart 
from clear and satisfactory methpds adopted by others, 
merely for the purpose of seeming t|) be original. 

Military Academy, \ V \ ' 



try has made a part of the course of mathematics pursued 
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BOOK I. 

Definitions and Determinate Proble^ns. 

1. There are three kinds of Geometrical Magnitude : vft. 
lines, surfaces, and solids. In Geometry, the properties of 
these magnitudes are established by a course of reasoning m 
which the magnitudes themselves are constantly presented to 
the mind. Instead, however, of reasoning directly upon the 
magnitudes, we may, if we please, represent them by alge- 
braic symbols. Having done this, we may operate on these 
symbols by the kno^vn methods of Algebra, and all the results 
which are obtained will be as true for the geometrical quan- 
tities, as for the algebraic symbols by which they are rep- 
resented. This method of treating the subject is called 
Analytical Geometry, 

Geometry embraces two distinct classes of propositioni^ : 
viz., problems which relate to particular questions, and theo- 
rems which demonstrate general properties. 

Analytical Geometry is also divided into two parts: viz 
1st. The solution, by means of Algebra, .of determinate 
problems : that is, of problems in which the conditions limit 
the number and determine the values of the requii'ed parts : and 
2dly The analytical investigation of the general properties 
of lines, surfaces, and solids. 

2. We are first to explain the manner of representing the 
geometrical magnitudes by the algebraic symbols. For this 
purpose, it will be necessary to compare each magnitude with 
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its unit of measure. The unit of measure of any quantity, is 
a quantity of the same kind, the value of which is known, and 
with which the given quantity is compared. The unit of 
measure for Unes is a right line of a known length, a foot, a 
yard, a rod, &c. For surfaces, the unit of mcasiure is a 
known square (Geom. Bk. IV, Prop. IV, sch,); and for solids, 
it is a known cube (Geom. Bk. VII, Prop. XIII, sch). 

Let us now suppose that we have a numerical equation of 
the form 

a? = a + ^9 

in which a?, a, and 6, are abstract numbers; that is, mmibers 
in which the unit 1 does not express a specific thing. The 
equation is then called an abstract equation. 

Let it be now required to find an equation which shall 
express the same relations between lines as this equation 
expresses between abstract numbers. 

For this purpose, let I designate the unit of measure foi 
lines, and X a line of such a length that it will contain /, a 
times : then. 




in which a? is an abstract number. Let A represent a Ime 
which will contain Z, a times; and B a line that shall con 
tain /, b times : then, 

and by multiplying both members by Z, we obtain 
X=A + B; 

that is, the line X is equal to the sum of the lines A and B, 
which is the same relation as subsisted between the abstract 
numbers of the first equation 
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This last equation is called a denominate equation, because 
I he kind of quantity of which its terms are composed, is 
denominated or named. 

Now, since the quotient arising from dividing a quantity by 
its unit of measure is always an abstract niunber, it follows 
that, any abstract equation may be changed into a denomi- 
nate equation by substituting for each of the abstract num 
berSy a geometrical magnitude divided by its unit of measure. 

After these substitutions are made, and the equation cleared 
of its fractions, all the terms will be homogeneous; that is, 
each term will contain the same number of literal factors 
(AJg. Art. 26). 

Take, for example, the equation 

X = ab + 

m which the letters represent abstract numbers. Passing to 
the denominate equation, we have 

X _A B C 

T"T^T"*'T' 

or, by multiplying both members of the equation by ?, we 
obtain, 

IX^AB+Cl, 

an equation in which all the terms are homogeneous. As 
the same reasoning may be applied to every equation, we 
conclude that, all the terms of every denominate equation will 
be homogeneous. 

3. A term or factor of the first degree, which represents a 
right line, is said to be linear ; and an equation of the first 
degree is called a linear equation. 

4. When all the terms of an abstract equation are homo- 
geneous, its form will not be altered by changing it into a 
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denominate equation ; and we may, therefore, at once trcai 
tlie equation as though each of its literal factors were lineai 
Thus, ihe numerical or abstract equation 

<ix = hc + dfj 

being transformed into a denominate equation, becomes 
AX=BC + DF, 

which is of the same form as the given equation. 

5. A single factor may always be considered as repre- 
senting a line ; the product of two factors as representing a 
surface ; and the product of three factors as representing a 
solid. If there are more than three factors in a term, we are 
to consider only three as linear, and the rest as numerical. 
Thus, in the equation 

ahx = cdfg + Anm, 

we may regard either three of the factors c, d, / or as 
linear, but one, at least, must be treated as numerical. 

Of the construction of Equations, 

6. The construction of an equation consists in finding a 
geometrical figure in which the parts shall be respectively 
represented by the literal parts of the equation, and in which 
the relation between the parts shall be the same as that ^^x- 
pressed by the equation. 

7. Let it be required, for example, to construct the linear 
equation 

x=za + b. 

Draw an indefinite right line, AB. 

From any point as A, lay off a distance »— D 

AC equal to a, and then from C, a dis- 
tance CD ^equal to 6, and AD will be the right line equal to x 
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8. Let it be required to construct the linear equation 

a: = a — fe. 
Draw an indefinite right line AB, 



From any point as A, lay oflF a distance H 1 » — d 

A D equal to a, and then from D, a dis- ^ ^ 

tauce DC in the direction towards A, equal to b; AC will 
then express the difference between a and b, and will con- 
sequently bq equal to x. 

If b is greater than a, x will be essentially negative ( Alg. 
Art. 85); and in the construction, the 

point C will fall on the left cf A, leaving i \ '• H-iT 

CAD 

for the. result, the line AC es mated from 
the origin A to the left. 

We see, in this example, the application of a general prin- 
ciple, which we shall have frequent occasion to verify : viz., 
if lines drawn from a given point in one direction are re- 
garded as positive^ those drawn from the same point in the 
contrary direction must be regarded as negative, 

9. Let it be required to construct the equation 

ab 

x = — . 

c 

Draw two indefinite right lines AJB, 
AB, making an angle with each other. 
From A, lay off a distance A C = c, also 
the distance AB = a. Then from A, lay 
off AD = b ; join C and D, and through 
B draw BE parallel to CD ; then will AE be equal to a?. 

For, we have by similar triangles, 

AC : AB : : AD : AE; 
or c : a : : b : x» 




Hence, the line AE is represented by x. 
2 
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10. Let it be required to construct the equation 

a7 = afe. 

Since the terms of this equation are not homogeneoaSy we 
must pass to the denominate equation, which gives 

X_A B 

or IX=AB. 

Hence, we see that X is a fourth proportional to Z, A, and B. 

In the last equation, X has the same numerical value as x 
in the given equation, and since I is the unit of length, the 
product IX contains the same number of units as X. But 
the units of x are abstract units 1 ; those of X are units of 
length; and those of IX are units of surface. 

11. Let it be required to construct the value of in tlie 
equation 

The equation can be placed under the form 

ab X c 



dxf 



First, find a fourth proportional g to the three quantities d, 
Uy and 6, that is, make 

d I a :x h : g which gives g = 
We then have, x = gx -y. 

From which we see, that a? is a fourth proportional to /, ^, 
and c. In the same manner we might construct all equations 
similar to the above. 
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12 Let it be required to construct the value of ^ in ac 
equation of tlie form 

nm 

It may be put under the form 

hm hm 

and each term constructed separately; the sum of the sepa 
rate results will be the value of a?. 

13. Let it be required to construct the equation 

or - - a?*=a6, 

in which it is plain, that a? is a mean proportional between 
a and b. 

Draw an indefinite right line AB, and ^ 

from any point as A make AB =a, and 
then BC=b, On as a diameter / 
describe a semicircle, and from B draw a B C 

BD perpendicular to AC; then will BD be the value of a?. 
For, (Geom. Bk. IV, Prop. XXIII, Cor), 




BD =ABxBC. 

14. If we have an equation of the form 

It IS evident that x represents the hypothenuse of a triangle 
whose two other sides are represented by a and b, 

1 5. If we have an equation of the form 
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It is plain, that x will be the side of a right-angled triangle, 
of which a is the hypothenuse and b the third side. 

16. The methods already explained are sufficient to con- 
struct all equations of the first degree, and also all equations 
of the second degree involving but two terms. We will now 
explain the manner of constructing the complete equations of • 
the second degree. The first form is (Alg. Art. 144), 

+ 2axz=b\ 

The equation can be put under the form 

x{x + 2a) = b*; 

from which we see, that 6 is a mean proportional between x 
and x + 2a. 

To construct this equation, draw """^^ 
AB and make it equal to 6. At / 
B erect the perpendicular BC and | ^^^"^^^ | 

make it equal to a, and join A and I 
C. With C as a centre, and CB ^y'^'^'^^^^^ / 
as a radius, describe a semi-cir-^^^^ 
cumference cutting AC in JB, and AC produced in D; then 
will AE be equal to x. For (Geom. Bk. IV, Prop. XXX), 

AE {AE + 2EC) = Aff = b\ 
or - - x{x + 2a) = b^. 

If we solve the equation, we find 

a? = — a + Vb^ + a^9 and a? = — a — V fe* + a*. 

Having described the triangle ABC, as before, AC will rep- 
resent the radical part of the values of x. 

For the first value of x, the radical is positive, and i? ^aid 
off from A towards C; then —a is laid off from C to E, 
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leaving AE positive, as it should be, since it is estimated 
from A towards C. 

For the second value of a?, we begin at D and lay oS DC 
equal to — a; we then lay off the minus radical from C to A, 
giving — DA for the second value of x. 

Let us now see if this value will satisfy the equation, 

— a?(— a:+2a)=fe^ 
or - -AjD(-A£)=6«, 
or ADxAE = AB\ 

17. The second form of equations of the second degree 10 

which gives for x the two values, 

a? = a + V6* + a^ and a: = a — V 6* + a*. 

The first value of x is repre- 
sented by AD, estimated from A 
to D. 

The second value is + JSC— CA, 
the latter being estimated from C 
to A; this leaves — EA estimated ^ 
from JS to A. 

The positive root in the first construction corresponds to 
the negative root in the second ; and the negative root in the 
first to the positive root in the second. This is as it should 
be, since one of the forms changes to the other by substituting 
— a? for X, 

18. The tlurd form is 

a?* + 2aa?=: — 6*, 




w^c-ich gives a? = • a + V - md a? = — a — 
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Draw an indefinite rigbt line FA^ 
and from any point as A lay ofT a 
distance AD = — a, and since a is 
negative, we lay off its value to the- 
left. At Dy draw DC perpendicu- 
lar to FA and make it equal to 6. With C as a centre, and 
CB = a as a radius, describe the arc of a circle cutting FA 
in B and E. Now, the value of the radical quantity will be 
BD or DE. The first value of a? will be - AD plus jDE, 
equal to —AE. The second, will be —AD +(— 
equal to —AB: so that both of the roots are negative and 
estimated in the same direction from A to the left. 

19. The fourth form of equations of the second degree, is 

0?* — 2ar= — fe* 

which gives a? = a+ Va* — 6* and a? = a — V a* — 

Construct the radical part of the 
value of a?, as in the last case. 
Then, since a is positive, we lay 
off its value AD from A towards, 
the right. To AD we add DB, 
which gives AB for the first value of x: and firom AD we 
subtract DJS, which leaves AE for the second value of a?. 
Both values are positive, and are estimated in the same 
direction from A to the right. 

In the two last forms, if a and b are made equal, the two 
values of x become equal to each other (Alg. Art. 148). 

The geometrical construction conforms to this result. For 
when a = by the arc of the circle described with the centre 
C, will be tangent to AB at A and the two points E and 
B will unite, and both the roots will become equal to AD. 
If be made greater than a', the value of x in the two 
St forms will be imaginary (Alg. Art. 147). 
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The geometrical construction also indicates this result. 
For, if b exceeds a, the circle described with the centre C 
and radius equal to a will not cut the line AB. 

Hence, the imaginary roots of an equation give rise to 
conditions in the construction which cannot he fulfilled ; and 
this should be so, since the imaginary roots can never appear^ 
unless the conditions of the equation are inconsistent with 
each other (Alg. Art. 147). 



20. No general rule can be given for the solution ol 
geometrical problems. Every new case piesents fresh diffi- 
culties, which can only be overcome by ingenuity and skill. 

In the solution of geometrical problems, by means of 
Algebra, the following directions may serve as useful guides. 

1. Draw a figure which shall represent all the known and 
required parts of the problem ; and then such other lines as 
may be necessary to establish the relations which exist be- 
tween them. 

2. Represent the known lines by the first letters of the 
alphabet, a, ft, c, d, &c.; and the required lines by a?, y, Zy-&cc, 

3 Consider the geometrical relations which exist between 
the known and unknown lines of the figure, and express those 
relations by equations. These equations must be equal in 
number to the unknown quantities employed. 

4. Find, from these equations, the values of the unltnown 
quantities. 

5. Construct these values, and unite, if possible, all the 
lines in a single figure. 




Of Determinate Problems. 
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PROPOSITION I. PROBLEM. 



Having given the base and altitude of a trianglcy it is re- 
quired to find the side of the inscribed square 

Let ABC be a triangle, in which there 
are given, the base AC, and the altitude 
BH; it is required to find the side of the 
inscribed square. ^ D H G C 

Suppose the square DEFG to be inscribed in the triangle, 
and BH to be dravn perpendicular to the base AC, 

Designate the base AC by 6, the perpendicular BH hy 
and the side of the inscribed square by a?. 

Then, since EF is parallel to the base AC, we have, by 
similar triangles, 

AC : BH : : EF : BI; 



that is. 



h — oo, 



or by placing the product of the means equal to that of the 
extremes, 

bh — bx=z hxy 
bh 



or 



b+y 

hence, the numerical value of x is determined, when the 
values of b and h are known. 

But we can also find a? by a geometrical construction, since 
it is a fourth proportional to the three lines b + A, ft, and 
h (Art. 9). It should, however, be found in such a manner 
as to connect all the lines with the given and required figures. 

Produce the base AC, and 
on the prolongation lay off CH' 
equal to the altitude h. At /P, 
draw HB^ perpendicular to 
A/P, and make it equal to h; 
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at C, draw CP also perpendicular to the base AC Join A 
and B\ and through F, where the line cuts CF, draw a line 
parallel to the base : then will DEFG be the required 
square. 

For, we have from the sinular triangles AjFPjB^ ACf, 
AH' : H'B' : \ AC I CF or FG; 
that is, 6 + A : h :: b : FG; 

hence, FG = r— r> 

and since this relation is the same as that before determmed, 
it follows, that FG is the side of the inscribed square. 

* jScAoZzwm 1 . The conditions of ^/// 
the problem fix the value of the 
base AC of the triangle, and also^/ 
of the altitude BH. They do 
not, however, determine the po- 
sition of the vertex B. For if 
B^'B' be drawn parallel to A C, and at a distance from it 
equal to h, the conditions of the problem would be satisfied by 
taking the vertex of the triangle at any point of this line, since 
all the triangles, AB^'C, ABC, &c., would have the same 
base A C, and an altitude equal to h. The base and altitude, 
however, determine the side of the inscribed square, since the 
triangles B'^AC, B''E'F\ will always be similar: hence, the 
inscribed square will be equal in all the triangles. 

There are, nevertheless, three cases which should be dis- 
tinguished from each other. 

1 St. When the angles A and C are both acute, the square 
will fall entirely within the triangle, as in the triangle ABC, 

2d. When one of them is a right angle, one angle of the 
square will coincide with it, and two sides of the square will 
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coincide in direction with the two sides about the right angle, 
as in the triangle AB^ 'C. 

3d. When one of the angles is obtuse, the square will fall 
partly without and partly within the triangle, as in the triangle 
AB^^^C: and consequently the problem will be impossible in 
the strict sense in which it is enunciated. 

Scholium 2. If in addition to the base and altitude we 
also know the angles A and C, the triangle will then be en- 
tirely determined, and the side of the inscribed square may be 
found by the following construction. 

Draw BH perpendicular to the base AC, 
and produce it until HB^ is equal to the base 
b. At B' draw B'C perpendicular to BB% 
and at C draw CC^ perpendicular to AC. 
Through C^, the point in which these two 
hues intersect, draw BC^, From 2), where 
BC intersects AC, draw DE perpendicular 
to the base AC, and through E draw EF, 
parallel to the base : then will DEFG be 
the required square. 

For, we have by similar triangles 




and 
hence 



or 



hence 



BC : BD 
BC : BD 
BB' : BH 
b^h : h 

ED = 



: BB' : BH, 
: Ca : ED; 
: Ca : ED; 



b 



bh 
b+l' 



ED, 



and therefore ED is the side of the inscribed square. 
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PROPOSITION II. PROBLEM. 



Having given the base and altitude of a triangle^ it is 
required to inscribe within it a rectangle whose sides shall 
have to each other a given ratio. 



Let ABC be the triangle, having its 
base AC = by and the altitude BH= A. 

Let a? designate the side of the rect- 
angle which is perpendicular to the base, 
y the other side, and n the ratio of the 
sides : that is. 




or V = 



Then, from the similar triangles jBAC, BEF^ we have, 

AC : BH :: EF : Bl 
which becomes b : h : : y : h — x: 

from which we obtain bh — bx=z hy. 
But we have also found y = nx. 

Combining these two equations and eliminating y, we obtain 

bh 



x = 



b + nh' 



an expression of the same form as that for the side of the 
inscribed square in the last problem, excepting that we have 
nh in the denominator instead of A. 

But since n is a ratio, it is an abstract number, therefore 
the expression nh is linear, and implies that the line rep- 
resented by A is to be taken as many times as there are 
units in n. 

We shall give a construction somewhat similar to the last, 
and which is equally applicable to both problems. 
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Produce the base AC, and 
on the prolongation lay off CH^ 
equal to nh. Through if draw 
IFB' parallel to CjB, and 
tlirough the vertex B draw ^ ^ 
BB^ parallel to the base AC. Join B\ their point of inter* 
section, with A, and through F draw FG perpendicular, and 
FE parallel to the base AC: then will DEFG be tlie 
required rectangle. 

For, having drawn B^P perpendicular to AH\ we have, by 
similar triangles, 

: AH • AC, 

: B'P : FG; 
: B'P : FG; 



and 
hence, 
that is. 



A5' 
AB' 
AIT 
b + nh 



AF 
AF 
AC 
b 



or 



FG=: 



h 
bh 



FG, 



b + nh 

hence FG, or JED, is the side x of the inscribed rectangle. 
PROPOSITION IIL PROBLEM. 

To draw a common tangent line to two circles in the same 
plane — their radii and the distance between their centres 
being known. 

Let C and C be the 
centres of the circles, and 
CMy OM' their radii. 

Let the distance betwen 
their centres be designated 
by a, and their radii by r 
and r^* 
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Let us suppose the problem solved, and that MM^Tn or 
mm^Tf is a common tangent line to both the circles; and 
designate the distance by x. 

Now, since the triangles TMC and TM'C/ are similaTt 

have 

CM : CM' : : CT : C'T; 
that is, r : r' : : a? : a? — a, 

or rx-~ra = r'x; 

hence, a?= - 




from which we see that a: is a fourth proportional to the 
three lines r — r', a, and r, and this relation will enable us 
to draw the tangent line. 

Through the centres C 
and O draw any two par- /^^d/^ 
allel radii, as CN, ON'. ( b 
Through N and N' draw 
the right line NN'T, inter- 
secting produced at T. 
Through T draw a tangent to one of the circles (Geora. Bk. 
Ill, Prob. XIV), and it will also be tangent to the other. 

For, through N', draw N'D parallel to CC\ and we shall 
have, by similar triangles, 

ND : DN' or CC : : NC : CT; 
or r — r' : a : : r : CT^ 

hence, CT=: , ; 

r — 

the same relation as before established: hence the line NN'T 
and the tangent line to both the circles, intersect the line CT 
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at th© same point ; and, therefore, Trtf , drawn tangent to one 
of the circles, will also be tangent to the other. Now, since 
two tangent lines can be drawn through the point T to either 
of the circles, it follows, that two lines can be drawn tangent 
to both of them : one on each side of TC, 

Scholium 1. Let us now suppose the larger radius r to 
remain constant, and the smaller radius to increase. 

In the equation which expresses the value of CT, the 
numerator ar will remain constant, while the denominatoi 
r— will continually diminish. When becomes equal to 
r, the denominator will become 0, and the value of CT will 
then become infinite (Alg. Art. 109). 

The geometrical constmction corresponds with this result : 
for, when the radii r and are equal to each other, the tan- 
gent MM^T will be parallel to CT*, and therefore will not 
intersect it at any finite distance from C. 

. Scholium 2. Let us suppose r' still to increase, in which 
case it will become greater than r. The denominator will 
then become negative, and since ar is positive, the value of 
CT will be negative. 

The geometrical construction also corresponds with this 
supposition. For, if r' is greater than r, the point T will 
fall on the left of the centre C ; and the negative sign merely 
indicates that CT must be laid off in a direction contrary to 
that in which its plus value was taken. 

Scholium 3. There are yet two other tangents which 
may be drawn to the two circles. These will also intersect 
the line CC^ at the same point, but the point will be between 
the centres C and C\ 
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Let C and be the cen- 
tres of the circles, r and their 
radii, and MTM^ the common 
tangent line. 

Let the distance CT be 
again denoted by oc. Then, 
since the two right-angled trian- 
gles TMC, TM'C are similar, we have, 

CM : CT :: CM' : TC\ 
or r : a? : : r' : a — a?; 

hence ar-~rx=z r^a?, 

from which we find 



ar 



r + r"* 

an equation which shows that a: is a fourth proportional to 
r + r^, a, and r. 

To make the construction, 
draw through C and C the 
parallel radii CN and C'N', 
lying on different sides of the 
line CC\ Join N and N\ 
Through T, where the line in- 
tersects CC% draw two tangents to either of the circles, and 
they will also be tangent to the other. 

For, through N', draw N'D par^illel to C(7. Then by 
similar triangles, we have 




that is, 



or 



ND : DN' 
r + r' : a 

CT=' 



NC 
r 



CT; 
CT, 



ar 



r ff^ 
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and as this is the same relation as that before found, it fol 
lows that a tangent line drawn through T to one of the 
circles, will also be tangent to the other. 

Scholium 4. The problems which have already been 
proposed, have been resolved by equations of the first degree. 
We shall now add two that depend on equations of the second 
degree. 

PROPOSITION IV. PROBLEM. 



To construct a rectangle, knotving the surface^ and the dif 
ference of two adjacent sides. 

Let X denote the largest side of the rectangle, and 2a the 
difference of the sides : then x—2a will represent the 
less side. 

Let b represent the side of a square equivalent to the sur- 
face of the rectangle. 

Then, since the surface of a rectangle is equal to the pro 
duct of its two adjacent sides, we have 

a?(a? — 2a) = 6^ or a?* — 2aa? = 6*. 

Resolving the equation, we have 



x=za + V + and a? = a — ^/b^ + i 

These are the same values for 
X as found in (Art. 17), and there- 
fore the first may be represented 
by AD and the second by — AE, 

Let us first consider the posi- 
tive value of X. If from this ^ 
value we subtract the difference of the sides 2a, the remainder 
will be the less side : that is. 
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a+ V6^ + a"— 2a r= « a + V 6« + a« = less side, 
then, (a + V 6' + a«) X ( - a + V 6' + a«) = 6' : 

hence, the values found for the two sides are verified. 
If we take the second value of a?, we have, 

a — Vi^ + a'— 2a= — a — VW+^=z the less side. 

The term less is here to be understood in its algebraic sense, 
viz : if two quantities are both negative, that is algebraically 
the less which has the greater numerical value. 

The product of the two sides of the rectangle which are 
found by using the second value of a?, is 

hence, these two values for the sides are verified. 

The first value of a?, gave for the sides of the rectangle the 
two lines AD and AE, the product of which is equal to AB ; 
that is to the area of the given rectangle. 

The second value of x gives for the sides of the rectangle 
the two lines — AE and — AD, and their product is also 
equal to aW. 

Hence, we see, that either value of x will satisfy the 
enunciation of the problem undierstood in its algebraic sense 
(Alg. Art. 105); for when so understood it is not required 
that the parts sought should be positive. 

Scholium. By comparing the two values of a?, it is seen 
that the second value taken with a contrary sign expresses 
the less side of the rectangle. Why ought this to be so ? 

In every algebraic question, it is proposed to find one or 

more quantities from the relations which they bear to certain 

other quantities that are known, and these relations are to be 

expressed by equations. 
3 
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Now, if the required quantity be represented by an alge 
biaic symbol, and the ^ 'editions of the question be then com 
bined, producing an equation ; c**. ^ if the required quantity be 
represented by a second symbol, and the conditions again 
combined producing precisely the same equation, ought not 
this equation to give the true solution in both cases ? 

This is precisely what has occurred in the problem. For, 
we first represented the greater side by + a?, and found the 
equation to be 

Had we represented the less side by — a?, as we were at 
liberty to do; then 

— a? + 2a = the greater side, 
and — x + 2a) = — 2ax = b\ 

the same equation as before. 

Now, this equation ought to give not only the greater side 
of the rectangle which was first represented by + a?, but also 
the negative value of the less side, which in the last case is 
represented by — a? ; and this it does, for we have already 
shown that the second value of x in the equation is equal to 
the less side of the rectangle taken with a contrary sign. 

The second value of Xy before its sign is changed, must be 
treated as the greater side of the rectangle ; for, it enjoys the 
algebraic properties of that side ; but, by changing its sign it 
becomes the less side of the rectangle. 

PROPOSITION V. PROBLEM. 

To divide a straight line into two such parts that the 
greater part shall be a mean proportional between the whole 
ine and the less part. 

Let b denote the given line, and x the greater part ' then 
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will b — x express the less part. Then, by the condition 
of the question, 

a^^zbib--- x\ or + ia? = 6*, 
from which we find 

To construct these values, 
draw the indefinite straight 

line JS?jB, and make BD / — -\ ^ 

equal to 6. At By draw / / Q \ 
BC perpendicular to DB / JE^v " 
and make it equal to — , and ^> jf 

draw DC. With C as a centre and CB as a radius, de- 
scribe the circumference of a circle intersecting DC at 
and DC produced in E, With Z) as a centre, and DE' as 
a radius, describe the arc E^X : then will X be the point at 
which the line DB is to be divided. 

For, the radical part of the values of x is represented by 
DC : hence, the first value of x is represented by DE\ and 
the second, by — D£ (Art. 16): therefore, DE' or DA" will 
represent the greatest portion of the given line. To verify it, 
we have, 



But we have 

since each is eqikdl to 
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Let us now consider the second Talue of x. 
If we square this value of x, we hare, 



which is equal to 

nence, the second value of x is also a mean proportional 
between the given line 6 and the diflference between b and 
the second value of x ; and therefore this value of x fulfils 
one of the principal conditions of. the question. But it was 
required to divide the line b ; and since the second value of 
X is greater than 6, it cannot fulfil this condition. 

But let us enunciate the problem in a general manner: thus, 
It is required to find a point on a given line BD, or on BD 
produced, such, that the distance to D shall be a mean pro 
portional between the distance to B and the given line DB 

If we denote the given line by 6, and the distance from D 
to the given point by a?, we shall have, 

0?' = b(b — a?), or 0?" + 6a? = 6' ; 

the same equation as before, and which gives the two roots, 



The first value of x gives 

the distance DX, and the 

second value of a?, the dis- ,/ 
tance —DJf'' laid off in a ^/ 
contrary direction : hence, / / 
there are two points, X / V,' I 

and which fulfil all the — It" B 

conditions. 
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By the first enunciation, the second value of x was ex- 
cluded from the results, since the conditions required the 
point to fall between D and B. The problem might have 
been so enunciated as to have excluded the first value of 
X : thus, 

To find a point on the line DB produced^ such, that the 
part produced shall be a mean proportional between the 
whole line and the given line DB. 

Denoting the given line by b and the part produced by 
— a?, we have 

a?* = 6(— or a? -\-bx^b^y 

the same equation as before. Hence this equation which is 
the algebraic expression for the three enunciations ought to 
give the result for each case. Indeed, the first and third 
enunciations are but particular cases of the second, which is 
the enunciation of the problem in its most general sense. 

We see from this discussion, that a problem may be so 
restricted in its enunciation as to be solved by one of the roots 
of an equation of the second degree, and not by the other ; 
and that at the same time a similar problem may be solved by 
the second root and not by the first. The two problems, 
however, are so related to each other, that the conditions can 
be expressed algebraically by the same equation : indeed, they 
are but particular cases of a more general problem to which 
each root of the equation is a proper answer. 

Having given a sufficient number of examples to indicate 
the general method of solving geometrical problems by alge- 
bra, we shall proceed to the second branch of the subject, viz . 
the investigation of the properties of lines, surfaces, and solids 
by means of algebra ; and it is this, hich, strictly speaking, 
constitutes the science of analytical g»;ometry. 



i 
I 
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BOOK n. 

Of tlie Point and Straight Line in a Plane — Problems 
relating to the Straight Line — Transformation of 
Co-ordinates — Polar Co-ordinates, 

1. In every determinate problem, the conditions of the 
question limit the number and determine the values of the 
required parts. Therefore, each algebraic symbol which is 
employed, represents but a single part of a geometrical figure, 
and the equations of the problem only express the relations 
which exist between the given and required parts. 

2. When it is proposed to investigate the general properties 
of geometrical figures by analysis, (and such investigations 
constitute the science of anal)rtical geometry,) it becomes 
necessary to assign different values to the same symbol, in 
order that it may represent, in succession, different parts of 
the same figure. 

Let it be proposed for example, io find an algebraic ex* 
pression which shall represent all the points in the ctrcum' 
ference of a given circle. 

Let C be the centre of the circle, 
and CA its radius. 

Having drawn the diameter AB^ 
take any point in the circumference 
as 2), and draw DE perpendicular to 
AB. Denote the distance AB by 2r, 
the distance AE by x, and the per- 
pendicular DE by y: then jBjB will be represented b) 




V 
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NoW| DE isX mean, propoitional between the segments 
AE. EB (Geom. Bte^, Prop. XXIII, Cor), that is 

DE^ = AExEB; 

or by substituting the letters which represent the lines, wt 
have 

= a?(2r— a?), or y' = 2ra7 — ic*. 

Since the relation between DE and the parts of the diame- 
ter AEy EBj is the same for any point of the circiynference, 
it follows that this equation may be made to represent each 
and every point, by assigning to y and x all possible values: 
that is, all possible values which they can have and at the 
same time satisfy the equation 

Let us suppose that in this equation we make a? = -^r, 
the equation will then become, 

y« = r«-^- = -r«, 

or - - y=:=bl.r-/T: 

hence, there are two values of y, and these values have con- 
trary signs : which indicates that one is to be laid off above 
the diameter AB^ and tlfe other below it. 

We might show, in a similar manner, that for every value 
of 07, between A and B, or between the limits, and 2r, 
there will be two corresponding values of y with contrary 
signs. 

If we assign any value to y, between the limits and r, 
that is, suppose it equal to a known quantity 6, we shall have 
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which equation will give two values of a:, and these values 
can be found since x is the only unknown quantity. 

Hence, we see, that, if a particular value be given to y, the 
corresponding values of x can be determined from the 
equation. 

3. The line DE^ which is represented by y in the equation 

y*=:2ra?— a?*, 

is called the ordinate of the point D; and A£, which is 
represented by x^ is called the abscissa of the point D: and 
the two taken together, are called the co-ordinates of the point 
D. This equation expresses the relation which exists between 
the co-ordinates of eveiy point of the circumference, and is 
called the equation of the circumference ; or simply, the 
equation of the circle. And generally, 

The equation of a line is the equation which expresses the 
relation between the co-ordinates of every point of the line. 

4. In the equation 

y* = 2ra? — a?*, 

the radius r remains the same for all values that may be at 
tributed to y and x. We therefore, call r a constant quantity, 
and y and Xy variable quantities. 

There are, therefore, two classes of quantities to be consid- 
ered in analytical geometry ; 

1st. The constant quantities^ which preserve the same 
values in the same equation ; and, 

2dly. The variable quantities^ which may assume all pos 
sible values that will satisfy the equation which eocpresses 
the relation between them. 

These two classes correspond to the known and unknown 
quantities of determinate problems. 

If, in the equation of a line, we attribute a particular value 
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to one of the co-ordinates, the corresponding value of the 
other will become known. 
Thus, in the equation 

y* = 2ra? — a?*, 

if we make a? = r, 

we have y» = 2/^-/^ = 1^, 

or y - r. 

The reason of this is evident. For, so long as we have 
one equation and two unknown quantities, there is an infinite 
number of systems of values which will satisfy it (Alg. Art. 
103). But when we attribute a particular value to one of the 
co-ordinates, we introduce a new condition, and consequently 
a new equation. The number of equations being then equal 
to the number of unknown quantities, the remaining co-ordi 
f nate ought to be determined in value. 

4. By considering the equation 

*■ > 

we see, that will only be equal to 2 rX'-a?, or in othei 
words, the equation toill only be satisfied, so long as the point 
D is in the circumference of the circle. For, if it is taken 
within the circumference, y will be less than DE, and we 
shall have 

y^<2rx^ar^; 
and. if it be taken without the circumference, 
y'>2ra7 — a?*. 

We will therefore state two propositions, which we shaP 
have frequent occasion to verify. 
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iau If the co^'dinates of any point of a line be substi 
tuted for the variables in the equation of the line^ that equa 
tion will be satisfied, 

2d. If the co-ordinates of any point, not of the line, be 
substituted for the variables in the equation of the line, the 
equation will not be satisfied. 

6. Having shown by a particular example something of 
the nature of Analytical Geometry, we shall proceed to treal 
the subject in a more general manner. 

In the first seven books, all the points and lines which are 
considered, are supposed to lie in the same plane. The 
remaining books will treat of the geometrical magnitudes 
having any position in space. 

6. The terms, straight line, and plane, will be used, as in 
Descriptive Geometry, in their most extensive signification. 
That is, the straight line is supposed to be indefinitely pro 
duced, in both directions, and the plane is supposed to be 
indefinitely extended. When a limited portion of either is to 
be considered, it will be particularly designated. 

7. We shall first explain the manner of expressing, by the 
algebraic symbols, the position of points and lines on a given 
plane. ^ 

For this purpose, draw, in the plane, / ^ 

juiy two lines, as X^AX, YA 1% inter- f — j 

secting at A, and making with each^^ / / 

other a given angle YAX. ' — 

The line X^X is called the aads of 
abscissas, or the axis of X; and YY\ y 
the axis of ordinates, or the axis of Y. The two taken 
together are called the co-ordinate axes, and the point A, 
where they intersect, is called the origin of co-ordinates 
The angle YAX is called the^r^^ ctngle ; YAX\ the second 
angle ; X'A Y\ the third angle ; and Y^AX, the fourth angle. 



BOOK 11. 



43 



8. Let P be any pomt in the given plane. Through P 
draw PD parallel to AYy and PC parallel to AX. Then, 
AD, or CP, is called the abscissa of the point P: PDy or AC 
IS called the ordinate of P; and the lines PD, PC, taken 
together, are called the co-ordinates of the point P. 

Hence, we see, that the abscissa of any point is its distance 
from the axis of ordinates, measured on a line parallel to the 
axis of abscissas ; and that the ordinate of any point, is its 
distance from the axis of abscissas, measured on a hne parallel 
to the axis of ordinates. The co-ordinates may also be mea- 
sured on the axes themselves. For, AD, AC, are equal to the 
co-ordinates of the point P. 

The co-ordinates of points are designated by the letters cor- 
responding to the co-ordinate axes : that is, the abscissas are 
designated by the letter x, and the ordinates by the letter y. 

9. If the co-ordinates of a point are given, or luiown, the 
position of the point may be found. For, let us suppose that 
we know the co-ordinates of any point, as P. Then, from 
the origin A, lay off on the axis of abscissas a distance AD 
equal to the known abscissa, and through D draw a parallel 
to the axis of ordinates. Lay off on the axis of ordinates a 
distance AC equal to the known ordinate, and through C 
draw a parallel to the axis of abscissas : the point in which it 
meets DP will be the position of the point P. 

When the co-ordinates of a point are known, we have, 

x = a and y= b ; 

and these are called, the equations of the point. 

Hence, the equations of a point determine its position on 
the plane of the co-ordinate axes. 

It is evident that, by giving all possible values to a and 6, 
the equations of the point P may be made to designate, in 
succession, every point within the angle YAX 
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10. Let us now consider a point P' I P 

within the second angle YAX\ f jc''~i 

The abscissa of this point is AIK, / / / 

and if the points P and are equally-^' j^i jy 'fx ^ 
distant from the axis Y' the abscissas / 
ADy Aiy will be equal to each other. Y' 
By what notation are these abscissas to be so distinguished 
from each other that they may both enter into the same gene- 
ral equation 1 Let us endeavor to explain. 

Take any point, as A^, on the axis of abscissas, and at a 
given distance from A, and designate that distance by a. 
Let us suppose, for a moment, that A^ is a new origin of co- 
ordinates, and let the abscissas of points referred to this new 
origin be designated by a/. 

Now, if we suppose the abscissas which are laid oflf from 
A to be designated by a:, as before, we shall have 

A'D = A' A + AD ; that is, 

a/ = a + ap; 

and also 

A'iy=A'A-Aiy; 
or (xf a — a?. 

If now, we take the first equation, 
a/ = a + ir, 

we see that this equation will express the value of the- 
abscissas a/ for every point in the plane of the co-ordinate 
axes, provided, we change the sign of a? the moment the 
point falls on the left of the axis of ordinates YY\ Hence, 
the abscissas of points may be expressed in a general man- 
ner, if those which fall on the right of the origin are regarded 
as positive, and those which fall on the left, as negative. 
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The eqiation 



a?^ = a -I- a? , 



conforms to this principle with respect to the origin A\ 

For, if the point 1/ should fall on the left of A\ x would 
be negative and greater than a ; the second member of the 
equation would, therefore, be negative, and consequently of 
would be negative, and therefore the abscissas of are nega- 
tive when they fall on the left of the origin A\ 

Since the abscissas of all points in the first and fourth 
angles fall on the right of the origin, and the abscissa^ of all 
points in the second and third angles on the left, it follows, 
that the abscissas of all points in the first and fourth angles 
are to be regarded as positive^ and the abscissas of points in 
the second and third angles, as negative. 

11. Let us now see if the ordinates have similar signs. 

Take any point, as A\ on the axis 
of ordinates, for a new origin of co- 
ordinates, and denote its distance from j^, 
A by by and designate the ordinates 
estimated from the new axis of abscis- 
sas A^X^^j by y . 

We shall then have, for the point P, 

A'C = A'A + AC; 
that is, = b + y ; 

and for P', below the axis XT^, 

A'(y=zA'A^A(y, 
or z= b ^ y. 

The first equation, 

y' = h+y, 

wilJ express the value of the ordinate for every point in 
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the plane of the co-ordinate axes, ;>ra- 
vtdtd we change the sign of y the 
moment the point falls below the axis 
of abscissas X'X. Hence, the ordinates 
may be expressed in a general manner^ 
hy regarding those which are above the 
axis of abscissas as positive^ and those 
which fall below it, as negative. 




The equation 



y' = 6 + y 



conforms to this principle with respect to the axis A^X^\ 

For, if the point should fall below A^A% y would be 
negative, and greater than b ; the second member of the 
equation would, therefore, be negative, and consequently 
would be negative ; and therefore, the ordinates y^ are nega- 
tive when they fall below the axis A^X^^. 

Now, since the ordinates of all points in the first and 
second angles are above the axis of abscissas, and the ordi- 
nates of all points in the third and fourth angles below it, it 
lollows, that the ordinates of all points in the first and second 
angles are to be regarded as positive ; and the ordinates of 
all points in the third and fourth angles, as negative, 

12. Let us now consider separately, tlie equations which 
deteiTTiine the position of a point in the plane of the co 
ordinate axes. y 

The equation i>,/ I ip 



will be satisfied for every point of a J jS 1 

straight line drawn parallel to the axis / / i_ 

of y, on the right of the origin, and 
at a distance from it equal to a : hence, it will be the equa- 
tion of tiiat line 
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The equatioiv 

a? = — Uf 

is the equation of a straight line, similarly drawn on the left 
of the origin. 
The equation 

is the equation of a straight line, drawn above the axis ol 
abscissas, and at a distance from it equal to 6 : and 

y= - 6, 

is the equation of a line similarly drawn below the axis of 

Tliese four straight lines determine, by their intersections, 
the four points, P, P\ P^, P^^'; one in each of the foui 
angles. 

The following are, therefore, the equations of a pomt m 
each of the four angles : 



1st angle, 


x= •\-a. 


y= 


+ b. 


2(1 angle, 


x= —a. 


y= 


+ b. 


3d angle, 


a; = — a, 


y= 


-b. 


4th angle. 


x = +a. 


y= 


-b 



We see, by inspecting these results, that the signs of the 
abscissas in the different angles, correspond to the algebraic 
signs of the cosines in the different quadrants of the circle ; 
and that the signs of the ordinates, correspond to the alge- 
braic signs of the sines (Trig. Art. XII). 

13. If in the equation 

x = a or a? = — CJ, 

we make a = 0, the line will coincide with the axis of Y 
Hence, the equations of the axis of are 

x = and y mdeterminate : 
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that is, we must be able to assign all possible values to y ud 
order to express every point of the axis of Y. If, howevei. 
we wish to designate a particular point, we make y equal to 
its distance from the origin, plus if it is above the axis of -X, 
and minus if it is below. 

Therefore, the equations of a point on the axis of Y, are 

a? = and y = ± 6. 

14. If we take the equation 

y = 6, or y=— 6, 

and make & = 0, the hne will coincide with the axis of X 
hence, the equations of the axis of .JiT, are 

y = and x indeterminate; 

and for a point on the axis of -Y, 

y = and a? = ± a. 

15 The origm of co-ordinates being in both the axes, its 
equations are 

0? = and y = 0. 

PROPOSITION I. PROBLEM. 

To find the equation of a straight line. 

Let A be the origin of co-ordiaates, 
and AXy AY, the axes. Through A 
drew any straight line, as AP, making 
with the axis of X an angle equal to «. 
Denote the angle YAX of the co-ordi- 
nate axes by /3. 

Take any point on the line, as P, and draw PD parallel to 
the axis of Y : then PD will be the ordinate, and AD the 
abscissa of the iDoint P 
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Since PD is parallel to the axis of ordinates, the angle 
APD is equal to PAY: that is, equal to /3 — «. 

Now, since the sides of a triangle are to each other as if)*' 
sines of their opposite angles, we have, 

PD : AD : : sin « : sin (/9 — «). 

But PD is to AD, as any ordinate y of the line AP to the 
corresponding abscissa a? : therefore, 

y : X : : sin « : sin (/s ^ «), 

which gives, 

sin « 
y = *sin(/J--)' 

and this is the equation of the straight line AP, since it ex- 
presses the relation which exists between the co-ordinates of 
every point of the line. 

If now, we draw a line parallel to 
APy cutting the axis of Y at a dis- 
tance from the origin equal to b; it 
is plain that for the same abscissa 
X, the ordinate y of this new line 
will exceed the ordinate, y of the line 
through the origin, by the constant 
quantity b: hence, the equation of the last line will be 

sin « , , 
y = X . r- + 6. 

^ sm (i3 — «) 

If the parallel cuts the axis Y 
•^elow the origin of co-ordinates, the 
value of y in the new line, will be 
(ess than the value of y in the line 
AP, by the constant quantity b; 
and in that case, the equation of the 
parallel becomes 
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sin « , 
^ sin (/9 — «) 

Scholium 1. Since the line PD 
is parallel to the axis of the 
angle APD is equal to the 
angle PAY: hence, the coefficient 
oj X is equal to the sine of the 
angle which the line makes loith 
the axis of X divided by the sine 
of the angle which it makes with the axis of Y. 

Scholium 2. Thus far, we have supposed the co-ordinate 
axes to make an obUque angle with each other. It is, how- 
ever, generally most convenient to refer points and lines to 
co-ordinate axes which are at right angles. 

If we suppose YAX to become a right angle, 

/3 — « =90° — », 

and - sin (jS — «) = cos « (Trig. Art. VI). 

The equation of the straight line AP, passing through the 
origin of co-ordinates, then becomes 

sin « 

^ cos « 

or - - y=z tang «.a?; 

the tangent of « being calculated to the radius of unity. 

If we represent the tangent of « by a, the equation 
becomes, 

y = OOP. 
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Scholium 3. The line AP has been 
drawn in the first angle. But the ^ 
equation is equally applicable to a line 
drawn in either of the other angles, 
when proper signs are attributed to 
the tangent a, and to the co-ordinates 
X and y. The angle of which a is P" 
the tangent is al\Vays estimated from the axis AXy around to 
the left, 360O. 

If the line, for example, be drawn in the second' angle, the 
angle XAP^ will fall in the . second quadrant, its tangent, 
which is a, will therefore be negative (Trig. Art. XII). 
But the abscissas of points in the second angle are also nega- 
tive : hence, a and x are both negative : their product is 
therefore positive; hence, y is positive, as it should be, 
since it represents the ordinates of points above the axis of 
abscissas. 

For the line AP^\ drawn in the third angle, the tangent 
a will be positive, since the angle falls in the third quad- 
rant (Trig. Art. XII), and since x is negative, the second 
member will be negative : hence, y will be negative, as it 
should be. 

For the line AP^^\ drawn in the fourth angle, the tangent 
a will be negative, since the angle falls in the fourth quad- 
rant, and since x is positive, the second member will be 
negative, and therefore y will be negative. 

Hence, the equation 

y = cza: + 6, 

will represent every straight line which can be drawn on the 
plane of the co-ordinate axes, if proper values and signs are 
attributed to a and 6, and to the co-ordinates x and y. 

The values of a and h are constant for the same straigb 
Vine, but take different values when we pass from one line 
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to another. They are often called arbitrary constants^ be- 
cause values may be attributed to them at pleasure. 

Scholium 4. If, in the equation 
y =5 007 + 6, 

we make a? = 0, the value of y will designate the pomt m 
which the line intersects the axis of ordinatps, for that is the 
only point of the line whose abscissa is 0. This supposition 
will give, 

y = 6. 

If, on the contrary, we make y = in the equation of the 
line, the value of a?, which is found from the equation, will 
be the distance from the origin, at which the line mtersects 
the axis of abscissas. This value is, 

a * 

Scholium 6. A line is said to be giveUy or known^ when 
the constant quantities which enter into its equation have 
known values : the position of the line is then determined, 
affid it can be drawn on the plane of the co-ordinate axes. 

I. Let us suppose, for example, that in the equation, 

y = 00? + &9 

the values of o and h are known. 

Making a? = 0, 

we have y = 6. 

Having drawn the co-ordinate axes AJT, 
AY, lay off from the origin A a distance 
AB equal to 6, and through B draw J5C, 
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making with the axis of ^ an angle whose tangent shall be 
equal to a : this will be the straight line whose equation is, 

The point C might have been found by making 
which would have given, 

= -.ilC. 

a 

If, in the equation of a given straight line, 

y = ax + b, 

any value be attributed to one of the variables, the other 
becomes determinate, and its value may be found from the 
equation. 

If, for example, we make 



a?= 1, 


we have 


y = a + b. 


a? = 2, 


gives 


y = 2a + &. 


a? = 3. 


gives 


y r=3a + &* 


Sec. 


&c. 


&c. &c. 



Or, we may attribute values to y and find the corresponding 
values of x. If we make 

y = 1, we have x = 



y == 2, -gives x : 



a 
-6 



y=s3, gives ar=r 



a 

3-6 
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2. To construct the line whose equation is 



/ ' 1 

j 



3. To construct the line whose equation is 

y=— ap — 1. 

4. To construct the line whose equation is 

y=:— 2a?+6, 

PROPOSITION IL THEOREM. 

Every equation of the first degree between two vanableSf u 
the equation of a straight line. 

The equation 

is the most general form of an equation of the first degree 
between two variables, since there is an absolute term C, 
and since each of the variables, y and a?, has a co-efficient. 
This equation may be written under the form 

B C 

which becomes of the form already discussed, if we make, 

7- = a, and r = ^« 

A ' A 

Having dravm the co-ordinate axes at right angles to 
each other, if we lay off on the axis of Y a distance equal 

to — J, and through the point so determined draw a line 

which shall make with the axis of X an angle whoas \?r»<{<».nt 

is — it will be the straight line whose equatioa i 
A 
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Ay + Ba?+ C = 0. 
We may also put the equation under the form 




in which — is the tangent of the angle which the 

C 

straight line makes with the axis of Y, and — ^ the dis- 

tance cut oflf from the axis of measured from the origin. 
We may, therefore, state this general principle. 

Jjf, in the equation of a straight line^ the coefficient of 
either variable be made equal to unity, the coefficient of the 
other variable will be the tangent of the angle which the line 
makes with the aans of that variable ; and the absolute term 
will be the distance cut off fr(m the axis of thai variable 
whose coefficient is unity. 



PROPOSITION in. PROBLEM. 



To find the distance between two given points in the plane 
of the co-ordinate axes. 

A point is said to be given when its co-ordinates are known. 
Known co-ordinates are usually designated by marking the 
letters, thus, 

of; y^\ a/^; a/^^ ; 

which are read, prime, a/ prime, y'' second,^ a/^ second; dec. 

Y 

Let M and N be the two given 
points. Designate the co-ordinates of 
M by i/y a/, and the co-ordinates of 
^ by y^'j^'j aiid the required dis- 
tance MN by D. Then, 
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MP ^d'^-af, 
and NP^i/'^r/. 

But, ' ' 




MN =zMP +Pir: 
hence, - a/y + {t/' ^j/y, 

or D =V(a/'~a/)« + (y''-y')«; that is, 

^Aa distance between any two points is equal to the square 
root of the sum of the squares of the differences of their 
abscissas and ordinates. 

Scholium, If either of the points, as AT, coincides with 
the origin, its equations will become 

a/=0 and ^ = 0, 

and we shall have 

2) = -v/a/'« + /'*, 
a result which may be easily verified. 



PROPOSITION IV. PROBLEM. 

To find the equation of a straight line which shall pass 
through a given, point. 



Let M be the given point, and 
designate its co-ordinates by a/, t/. 

The equation of the line will be 
of the form 




in which a and h are both unknown. 



BOOK II. 



67 



Since the line is to pass through the point Af, the co-ordi- 
nates of this point must satisfy the equation, 

hence, we shall have 

subtracting this from the last equation, we obtain 
y-/=a(a?-.a<), 

which is the equation of a line passing through the given 
point, and in which and a/ are the co-ordinates of the 
given point, and y and x the general co-ordinates of the 
line. 

Scholium. In the equation 

y-/=a(a?-a?'), 

the tangent a remains undetermined. This is as it should 
be, since an infinite number of lines may be drawn through 
the point M. 

PROPOSmON V. PROBLEM. 

To find the equation of a straight line which shall pass 
through two given points. 



Let M and N be the two given 
points. Designate the co-ordinates of 
the first by a/, i/, and the co-ordi- 
nate» of the second by a/', t/\ 

The equation of the required line 
will be of the form 
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and it is required to determine the values of a and b in tenns 
of the given co-ordinates a/, y', a/', y". 

Since the required line must pass through the point M, 
the co-ordinates a/yi/^ will satisfy its equation, and we shall 
have 

= oa/ + 6 ; 

and since it must also pass through the point N, we also 
have 

Subtracting the second equation from the thirdi we have 
y'^-y' = a(«''-«'); 

from whif)h we find 

If this value of a be substituted in the second or third 
equation, b will be the only unknown quantity, the value 
of which may, therefore, be determined. 

It is, however, better to place the required equation under 
. another form. 

If we subtract the second equation from, the first, we 
obtain 

Substituting the value of a found above, wa have 
and this line will pass through the second point. 
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If we subtract Uie third equation &om the first, we shall 
have 



or 



Scholium 1. The value for a, found above is easily 
verified. For, 'i/' — yf is equal to iVP and of' ---a/ is equal 
to MP: hence 

and consequently equal to the tangent of the angle NMP^ 
to the radius of unity (Trig. Th. II, Cor. 1). 

Scholium 2. If in the equation 
for the value of a, we suppose 
i/=:i/^^ the value of a will become 



= 0; 



1 


M 


N 




1 

1 




A 


X 



and this is as it should be, since under this supposition, the 
line becomes parallel to the axis of X. 

Scholium 3. If we sup{)ose a/ = a/', the ordinates 
y' and being unequal, we shall y N 

have g= ^ Q ^ ; M 

dierefore, a is infinite (Alg. Art. 109), 

and hence, the line is perpendicular 

to the axis of X (Trig. Art. IX). 

If we suppose yf z=.\f\ and at the same time make 
= a/', the two points will coincide, and we shall have 





a = 



' 
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hence a is indeterminate (Alg. Art. 110), as it should be, 
since an infinite number of lines can be drawn through a 
single point. 

PROPOSITION VL PROBLEM. 

To find the equation of a straight line which shall be 
parallel to a given straight line. 

Let y = or + 6 

be the equation of the given line. 

The equation of the required line will be of the fonn 

in which of and 2/ are undetermined. 

The two right lines will be parallel, if they make the same 
angle with the axis of abscissas. Hence, if we make 

a' = a 

the second line will be parallel to the first ; and its equation 
will be 

y = a* + 

in which equation 1/ is undetermined, as it should be, since 
an infinite number of lines may be drawn parallel to a given 
line. 

Scholium. If it be further required that the parallel shall 
pass through a given point, the position of the line will be 
entirely determined. 

For, if the co-ordinate, of the given point be denoted by 
a/ and y', and substituted in the last equation, we shall 
have 

i/-ac(/ + I/y 

m whicl- all the quantities are known excepting i/, which 
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is ilierefore determined in value : hence, the position of the 
line is fixed. 




PROPOSITION m PROBLEM. 

To Jind the angle included between two lines given by their 
equations. 

Y 

Let DC, jBC, be the two 
given lines : 

y=^ax+b the equation of the 1 St. 

y=zafx+l/ the equation of the 2d. ^ 

in which a, a', 6, i/, are known. 

Denote the angles CDX and CBX by « and and the 
angle DCB by V. 

Then, since CBX = CDB + DCB, 
we have V= — «, 

and tang y = tang ( = tang^--tang^ 
® 5v ^ l+tang«'tang«' 

to the radius of unity (Trig. Art. XXV). 

Substituting for tang and tang «, their values and a, 
we have 

rr d -^a 

Scholium 1. If the lines become parallel, the angle V 
will be 0, and hence, 

tang V=^=-^ = (Trig. Art VII). 

Therefore, a'— a = 0, or .{/rro, 
a relation already proved (Prop. VI). 



Scholium 2. If the lines are perpendicular to each other, 
V will be equal to 90°, and its tangent infinite (Trig. Art. 
IX): that is, 

hence, - - 1 + a'a = (Alg. Ait. 109 > 

This last is the equation of condition, by which two right 
lines are shown to be at right angles to each other. If one 
of the quantities, a, or o^, is known, the other can be found 
from the equation of condition. 



PROPOSITION VIII. PROBLEM. 



To determine the point in which two straight lines, given by 
their equations, intersect each other. 

Let y = ax +b be the equation of the first line, 

and y = afx + the equation of the second line. 



The point in which two straight 
lines intersect each other being 
found at the same time on both 
of the lines, its co-ordinates ought 
to satisfy both their equations. 

If, therefore, we suppose y and 




T in the equation of the first line, to become equal to y and 
X in the equation of the second, the two equations will de- 
signate a point common to both the lines. 

Combining the equations , under this supposition, and 
designating the co-ordinates of the point of intersection by x' 
and we find, 
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Scholium 1. If, in the two last equations, we suppose 
a = a^, the values of a/ and t/ will both become infinite, 
The supposition of a = a' renders the two lines parallel, and 
therefore, their point of intersection ought to be at an infinite 
distance from both the co-ordinate axes. 

If, at the same time, we also suppose 6 = i/, the values 
of a/ and will become equal to divided by 0, that is, 
indeterminate. But the two suppositions will cause the lines 
to coincide : hence, their point of intersection ought to be 
indeterminate, since every point of either line will satisfy both 
equations. 

Scholium 2. The method which we have just employed 
for two straight lines, is general, and will serve to determine 
the points of intersection of curves whose equations are 
known. 

For, the points whose co-ordinates will satisfy both the 
equations, must be common to the two curves. Hence, if 
we suppose the co-ordinates to be equal, and combine the 
equations under this supposition, the values of x and y found 
in the resulting equations will be the co-ordinates of points 
common to the two curves. 

PROPOSITION IX. PROBLEM. 

To draw from a given point a line perpendicular to a given 
straight line, and to find the length of the perpendicular 

Let y = ax + by 

be the equation of the given line, and a/, j/, the co-ordinates 
of the given point. 

The equation of a straight line passing through the given 
point, will be of the form (Prop. IV), 
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But since this line is to be perpendicular lo the given line, 
we have (Prop. VII, sch. 2), ^ 

l+aa'=0, 
from which we have. 




a 

Substituting this value for a', the equation of the perpen- 
dicular becomes, 

y-.y=--i.(a?-a/). 

It is now required to find the length of the perpendicular. 
This is done by first finding the difference between the co- 
ordinates of the given point, and the co-ordinates of the point 
in which the perpendicular intersects the given line. 

Let us designate the co-ordinates of thi^s last point by 
a/\ y . Then, since the point is on the given line, its co- 
ordinates will satisfy the equation of the given line, and we 
shall have 

and since the point is also on the perpendicular, its co- 
ordinates will also satisfy the equation of the perpendicular, 
and give 

y"-/=-i-(^B"-a/); 
a 

If we eliminate af^ from these two equations, we shall have 



a*y'+ aa/+ b 



l + a» 

Subtracting y' from both members, we obtain 

■ b 



* ^ l+o« 
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Substituting this value of y^'— y^, in the last equation but 
one, and we have 

1 + a* 

Let us designate the length of the perpendicuhr by P. 
Since the distance between two points whose co-ordinates 
are a/^ y'\ a/, y', is (Prop. Ill), : 

V(a/'-a/)« + (y'-y')«, 

we have, by substituting for a/'— a/, and j/^-^^i their 
values found above, 

V 1 

Scholium. If the given point should fall on the given 
line, its co-ordinates would satisfy tlie equation of the line^ 
and give 

y' = aa/ + ft. 

This supposition would reduce the numerator of the value 
of P to 0, and consequently P would be equal to 0. 

Transformation of Co-ordinates. 

The equations of a point determine its position with 
respect to the co-ordinate axes to which it is referred. 
The co-ordinate axes may be selected at pleasure, and the 
point may, at tlie same time, be referred to several systems. 
5 
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P 


















A 









Let A, for example, be the origin 
of a system of co-ordinate axes, and 
A' any point whose co-ordinates are 
a and h. 

Through draw two new axes 
respectively parallel to the first. 

The co-ordinates of any point, as 
P referred to the first system, are AD, PD ; and its co- 
ordinates referred to the second system are A'iX, P iX, and 
the point P is equally determined to which ever system it be 
referred. 

It is often necessary, for reasons that will be hereafter 
explained, to change the reference of points from one system 
of co-ordinate axes to another. This is called, the trans- 
formation of co-ordinates. The axes to which the points are 
first referred, are called the primitive axes ; and the second 
axes to which they are referred, are called the neto axes. 

^n changing the reference qf points from one system of 
co-ordinate axes, to another, it is necessary to find the co- 
ordinates of the points referred to the primitive axes, in 
terms of all the quantities in the new system on which they 
depend. 

PROPOSITION X. PROBLEM. 

To find the formulas for passing from one system of co-ordi 
nate axes to another system^ respectively parallel to the first. 

Let A be the origin of the primi- ^ ^ 
tive system, and A^ the origin of the 
new system. Suppose the co-ordi- 
nates of the origin A' to be AB — a, — I ^^^JC 

and BA!—h; and let us designate 

the co-ordinates of any point referred g ; — ^ 

to the new axes by a/ and ]/ . ' 



i 
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Then assuming any point, as P, we shafi hare. 
AD = AB + BD, and DP = Diy+iyP, 

that is, 

X = a + a/, and y = 6 + j/» 

in which the primitive co-ordinates of any point are ex- 
pressed in terms of the co-ordinates of the new origin and 
the new co-ordinates of the same point. 

Scholium, The new origin may be placed in either of the 
four angles of the primitive axes, by attributing proper signs 
to its co-ordinates a and 6. It is also to be observed, that 
a/ and i/ have th» same algebraic signs in the different 
angles of the new system, ?is have been attributed to x and y 
in the corresponding angles of the primitive system. 

PROPOSITION XL PROBLEM. 

To find the formulas for passing from a system of rectan- 
gular ^ to a system of oblique co-ordinatesy the origin remain- 
ing the same, ^ 



Let A be the common origin, 
AX, AY, the primitive axes, and 
AJT, A the new axes ; and let 
us designate, as before, the co- 
ordinates of points referred to the 
new axes by ocf and 




Denote the angle which the new 

axis of X' makes with the primitive axis of X by «, and the 

angle which Y makes with AX by and let P be any point 

in tlie plane of the axes. Through P, draw PB parallel to 

the axis of Y, and PP' parallel to the axis of : draw also 

• PR parallel to Y, and FC parallel to the axis of X 
5* 
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Then, AB^AR + RB 

will be the abscissa of P, referred 
to the primitiye axes ; 



and 



PB=^BC + CP, 




will be its ordinate. 

Also, AP^ will be the abscissa of P referred to the new 
system, and PP' will be its ordinate. 



But 


AR 


that is, 


AR 


and 


RB 


hence, 


X 


We also have. 


FR 


that is, 


CB 


and 


PC 


hence. 


y 



Hence, the formulas are, 

X = a/ cos » + t/ cos y = a/ sin « + sin 

Scholium. If it were required, at the same time, to change 
the origin to a point whose co-ordinates, when referred to the 
primitiye system, are a and 6, the formulas would become. 



x = a +a/ cos « + cos y = 6 + a/ sir « + y' sin «' 
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PROPOSITION Xn. PROBLEM. 

To find the formulas for passing from a system of oblique 
co-ordinates to a system of rectangular co-ordinates^ the 
origin remaining the same. 

Take the formulas of the last problem 

a? = a/ cos « -|- cos y = a/sm« + y' sin«^ 

If now, we regard the oblique as the primitive axes, we 
must find the co-ordinates of points referred to these axes in 
terms of the rectangular co-ordinates and the angles « and 

If we multiply the first equation by the sin and the 
second by cos «^ and then subtract them, y' will be 
eliminated ; and if a/ be eliminated in a similar manner, we 
shall obtain 

g — ^ si^^ — y cos ^ y _ y cos li — a? sin 

sin(»'-«) * sinC-'-*) ~' 

Scholium, If the origin were changed, at the same time, 
to a point whose co-ordinates, with reference to the oblique 
system, are a and we should have, 

/ , 0? sin tf' — V cos «' y r . V cos • — a? sin • 
sm — «) sm \<K — «) 

PROPOSITION Xra. PROBLEM. 

To find the formulas for passing from a system of red 
angular co-ordinates to a system of co-ordinates also red- 
angular^ the origin remaining the same. 

If in the equations of (Prop. XI), which are 
w = a/ cos « -f y cos tf', y = a/ sin et + yf sin 
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we make 

i*'-i. = 90o 

the new system of co-ordinates, as 
well as the primitive, will be at right 
angles. 

This supposition will give 

t/=z90^ + a. and 

sin = sin 90° cos •+ cos 90° sin + cos • 

cos = cos 90° cos « — sin 90° sin « = — sin «• 

Substituting these values in the first equations, and they 
become 

x = a/ cos • — y' sin y = a/ sin •+ 1/ cos 

Scholium 1. If the origin be changed at the same time^ 
the equations will become, 

x = a + a/ cos « — y' sin «, y = 6 + a/ sin « + y' cos «. 

Scholium 2. If we square the two equations first found, 
and then add them together, member by member, observing, 
that the sine square of an arc plus the cosine square, is 
equal to the square of the radius, or 1, we shall find 

a?« + y* = a/« + y'". 

This 18 as it should be, since a?* + y* or A7f + CT^ is 
equal to AT^ : and since the new system is also rect- 
angular, + or AE^+FB^, is likewise equal to AT*. 
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PROPOSITION XIV. PROBLEM. 




To find the formulas for passing from a system of 
oblique co-ordinates to a new system of co-ordinates also 
oblique — the origin remaining the same. 

Let AX^ and AY^ be the primi- 
tive axes, AX'\ A Y'\ the new axes, 
and A the common origin. Through 
A draw the two axes AX^ A Y, at 
right angles to each other. Desig- 
nate the co-ordinates of points re- 
ferred to the primitive system by 
af and y^, those referred to the new system by af^ and y^\ 
and the co-ordinates of the rectangular system, by x and y; 
and designate the angles as marked in the figure. 

Now the formulas to pass from the rectangular to the first 
oblique system are (Prop. XI), 

a? = cos « + y^ cos y = a?' sm • + y^ sin «^ 

The formulas for passing firom the rectangular to the 
second oblique system, are 

a? = of' cos P + y^^ cos y = a/'' sin p + y" sin i3^ 

[f we eliminate a? and y from these equations, the re- 
sulting equations will express the relations which exist 
between the primitive co-ordinates a?,^ y^, and the new co- 
ordinates y^\ These relations are 

a?^ cos «+ y^ cos «' = txf^ cos /3 +y cos 
a:^ sm « + sin «^ = of' sin i3 + y" sin A'. 

If from these equations we first eliminate y' and then 
we shall find 
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sin («' — «) ' 

^ te'' sin (/a - *) 4 y*" sin (y- «) 
* ~ 8in(«'-«) 

in which the angles fonned by the rectangular axes do not 
enter, since 

- ^ = TAX", Y'A Y", ^ - - = X"AX', 

^' - • = Y''AX\ J-»= Y'AX'. 

Scholium 1. If the origin of co-ordinates be changed 
at the same time, the equations will become, 

sin(« — «) 

^"^'^ sinK-«) • 

Scholium 2. The primitive co-ordinates of any point 
determined with reference to a new system, depend for their 
values, 

1st. On the position of the new origin. 

2d. On the angles which the new axes make with the 
primitive axes, and 

3d. On the co-ordinates of the same point referred to 
he new system. 

Scholium 3. The transformation of co-ordinates em- 
braces two distinct classes of propositions. 

1st. To transfer the reference of points from one system 
of co-ordinate axes to another system which is known. In 
this case the co-ordinates of the new origin and the angles 
which the new axes make with the primitive axes, are known. 

2d. Tt is often required, however, so to dispose of the 
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new origin, and to give such directions to the new axes, as to 
cause the resulting equations to fulfil certain conditions, or to 
assume a certain form. In this case, the conditions imposed 
determine the position of the new origin and the directions of 
the new axes. 

Scholium 4. Since the primitive co-ordinates are always 
determined in linear functions of the new co-ordinates, that 
is, by equations of the first degree, the substitution of their 
values in the equation of any line, will not alter the degree 
of that equation. Hence, the given equation of a line^ and 
its equation when referred to a new system of co-ordinate 
axeSj will always be of the same degree. 

Scholium 5. We shall terminate this subject by a single 
example. 

Having given the equation of a straight line, 

referred to rectangular co-ordinates, it is required to find its 
equation when the line is referred to oblique co-ordinates 
having a different origin. We have (Prop. XI, sch.), 

x = a + a/ cos « + ^ cos y = 6 + a/ sin « + y' sin i*'. 

Substituting these values for x and y in the equation of 
the line, we have, 

6 + a/ sin « + y' sin =a^{a + a/ cos « + y' cos «') + &'; 
or, by reducing 

y/— y <g — sin » ^ aaf+ }/— b 

sin a^ cos «' sin a^ cos 

which is the equation of the straight line, referred to the 
oblique axes. 
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Of Polar Co-ordinates. 

We have seen, that the relative position of points and hnes 
may be determined analytically, by referring them to recti 
linear axes, which make with each other a given angle. 
There are also other methods by which they may likewise 
be determined. 

Assmne, for example, any point, as 
A, and through it draw any straight 
line as AX, If we suppose a straight 
line, as AB, to be turned around the 
point A, so as to make with AX all 
possible 'angles, from to 360°, and 
suppose at the same time the line AB to increase or diminish 
at pleasure, the extremity B may be made to coincide, in 
succession, with every point of the plane. 

There are two variable quantities to be considered: 1st. 
the variable angle XAB ; and 2dly, the variable distance AB ; 
and every point in the plane may be determined by attributing 
suitable values to these variables. 

This method of determining points by a variable angle and 
a variable distance, is called the system of polar co-ordinates. 
The variable distance AB, is called the radius-vector ; and 
the fixed point A, from which it is estimated, is called the 
pole. 

Designate the variable angle XABy by v, the radius-vector 
ABy by r, and the co-ordinates of the point B, referred to rect- 
angular axes, by x and y ; then, if the origin of the rect- 
angular axes be at A, we shall have, 

a? = r cos v (Trig. Th. I, Cor.), 



and 



y = r sin v (Trig. Th. I, Cor.). 
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X 

r = , 

cos V ' 

Now, since x and the cos v are both positive in the first 
and fourth angles, and both negative in the second and third, 
they will always be afiected with the same sign, and hence 
the sign of r will be constantly positive: consequently, a 
negative value of the radius-vector can never enter into the 
analysis. 

If therefore, such a value should be obtained, we ought to 
infer, that incompatible conditions have been introduced into 
the equations ; and hence, all negative values of the radius- 
vector must be rejected 



PROPOSITION XV. PROBLEM. 



To find the formulas for passing from a system of rect* 
angular to a system of polar co-ordinates. 

Let A be the origin of the co-ordi- 
nate axes, A^ the pole, A'R parallel to 
AXy the line from which the variable 
angles are estimated, and A^P the 
radius-vector of the point P. Let the 
co-ordinates of the pole A' be repre- 
sented by a and 6. 




D X 



Now, 

But 

and 

faence^ 

and 



AIR = r cos Vy and PR = r sin v. 
AB^AB + BB 
PD = BR + PR; 

X = a +r COS. v, 

y = 6 + r sin r ; 



which are the formulas required 
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Scholium 1. If the pole A' be placed at the origin A, the 
equations will become, 



a? = r cos v, 

Scholium 2. If, instead of esti- 
mating tlie variable angle v from the 
line A^Ry parallel to AXy it be esti- 
mated from A^R\ which makes with 
AX a given angle «, the equations 
will become 



a? = a + r cos {v + «}, 
y = 6 + r sin (v + 




BOOK III. 



77 



BOOK III. 
Of the Circk. 

The equation of a line expresses the relation which exists 
between the co-ordinates of every point of the line (Bk. II, 
Art. 3). All lines in which this relation can be expressed 
algebraically, that is, by algebraic quantities alone, are called 
algebraic lines, and these are the only lines which will be 
considered in Analytical Geometry. 

Lines are divided into different orders, according to the 
degree of their equations. For example, the right line is a 
line of the first order, since its equation is of the first degree. 
The circumference of the circle is a line of the second order, 
its equation being of the second degree (Bk. II, Art. 2) ; and 
if the equation of a line were of the third degree, the line 
would be of the third order. 

The discussion of an equation, consists in classing the line 
which the equation represents; in determining its position, 
its form, its limits, and the points m which it intersects the 
co-ordinate axes. 

PROPOSITION I. PROBLEM. 

To find the equation of the circumference of a circle^ and 
to discuss it. 

Y 

Let A be the origin, and AX, A Y, 
the co-ordinate axes. 

It is required to find the equation of 
a curve such, that all its points shall 
be at a given distance from the origin 
A, Let R designate that distance, 
and r and y, the co-ordinates of anv 
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point of the curve. The square of 
the distance from the origin to any 
point, whose co-ordinates are x and y, 
(Bk. II, Prop. Ill, Sch.), is 



heifcey 



> + y« = /I«, 




which is the equation required. 

In discussing the equation, we begin by determining the 
points in which the circumference cuts the co-ordinate 
axes. 

The co-ordinates of these points must satisfy, at the same 
time, both the equation of the circle, and the equations of 
the axes. 

The equations of the axis of X being 

y = and x indeterminate; 

if we make y = in the equation of the circle, the corres- 
ponding values of x will be the abscissas of those points 
which are common to the circumference and the axis of X. 
that is, 

a?= ±1?; 

which shows that the curve cuts the axis of abscissas in two 
points, one on each side of the origin, and both at a distance 
from it equal to the radius of the circle. 

To find the points in which the circumference cuts the 
axia of Y, make a? = 0, and there results, 

the axis of y, therefore, intersects the circumference in two 
pomts, equally distant from the origin, one above the axis 
of -X, and the other below it. 
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To trace the curve through the intermediate points, find * 
the value of y from the equation, which gives, 

Now, since every value for tc gives for y two equal values, 
with contrary signs, it follows that the curve is symmetrical 
with respect to the axis of X: and in the same manner it 
might be shown to be symmetrical with respect to the axis 
of Y. 

From a? = 0, which gives 

the values of y decrease, as x increases : and when x be 
comes equal to ± U, we have 

y = 0. 

If X becomes greater than ± /?, the values of y become 
imaginary, which shows that the curve is limited both in the 
direction of x positive, and of x negative. 

By placing the equation under the form 

we may show that the circumference is also limited in the 
direction of y positive, and in that of y negative. 

By attributing a particular value to either of the variables 
in the equation 

the corresponding value of the other variable may be found 
from the equation 
If we suppose Ji = 1, and then make 
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a: = 


we haye 






1 


gives 




1 i 


3 

* = T 


gives 






&C. 


&c. 


&C. &C. 





Scholium 1. If in the equation 



X and y be taken to represent the co-ordinates of a point 
within the circumference, the equality will be destroyed, aiid 
a^ + y^ will be less than iJ^ and we shall have 

that is, negative. 

For a point on the curve 

a^ + y^^R^^O, 

and for a point without the curve 

is positive. 

Scholium 2. The equation 

na*ay be put, under* the form 

y^ = {R + x){R^xl 

in which the factors, R-\-x and R — x are the two seg» 
ments into which the ordinate y divides the diameter : this 
ordinate is, therefore, a mean proportional between the two 
segments. 

Scholium 3. The equation of the circle may also be 
placed under another form, by transferring the origin of 
co-ordinates from the centre to a point of the circumference. 
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If m this transformation the new co-ordinate axes be 
parallel to the primitive axes, we shall have the formulas 
;Bk. II, Prop. X), 

x=za + af and y =: 6 + y'. 

Y 

Let it be required to transfer the 
vigin to B. 

The co-ordinates of this point, are 

a = — jR and 6 = 0; 

hence, x^aZ-^R and y=^y'* 

Substitutirt; thtse values in the equation 

we obtaui 

or omitting the ticcents 

which is the equation of the circle when the origin of co 
ordinates is in the circumference. 

Scholium 4. There is yet a more general form under 
which the equation of a circle may be expressed. 

The characteristic property of the circumference of a 
circle is, that all the points are at an equal distance from 
the centre. To express this property awaZytfca/Zy, and in 
a general manner, designate the co- Y 
ordinates of the centre by a/ and y\ 
the co-ordinates of any poin: of the 
circumference by a? and y, and the 
radius by R. 

Now the distance from any, point 

whose co-ordinates are a/, y to a ^ 
C 
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point whose co-ordinates are x and y, is (Bk. II, Prop. Ill), 

This is, therefore, the most general equation of the circle 
referred to rectangular co-ordinates. By attributing proper 
values and signs to a/ and y\ the centre of the circle may 
be placed at any point in the plane of the co-ordinate axes. 

To find the points in which the cir- ^ 
cumference intersects the axis of JY, 
make y = 0, and we have 

in which we see that the values of x 
will become imaginary when ex- 
ceeds ii, and it is plain that in that case there would not be 
an intersection. 

To find the points in which the circumference intersects 
the axis of Y, make a? = 0, and we have 

y = /=fc ViJ«-a/S 

in which the value of y will be imaginary, if a/ exceeds /?. 

If the co-ordinates of the centre ^ 
of a circle are 

a?' =—2 and y^=— 4, 

and the radius equal to 6, its equation 
will be 

(a7+2)« + (y + 4)«=36, 

firom which the circumference may be readily described. 

Scholium 5. Tf the absolute term of an equation is 
wanting, the origin of co-ordinates must be a point of the 
curve. 
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For, if X and y be each made equal to 0, all the terms 
will reduce to 0, and, therefore, the equation will be satiar 
fied. But, 

a? = and y = 0, 

axe the equations of the origin, and since the co-ordinates ol 
the origin satisfy the equation of the curve, the origin must 
be a point of the curve. 

Two lines which are drawn through the two extremities 
of any diameter of a curve, and which intersect the curve at 
the same point, are called suppleifnentary chords. 



PROPOSmON II. THEOREM. 

The supplementary chords in the circle are perpendicular to 
each other. 

Let A be the origin of co-ordinates, and B and the 
extremities of a diameter. y 

The equation of a straight line pass- 
ing through a given point is of the 
form (Bk. II, Prop. IV) 

y — j/ = a(a?— a/). 

If the line be made to pass tlirough 
By whose co-ordinates are y' = 0, 
and + R, its equation will become 

y = a{x — R). 

For a like reason, the equation of a straight line passing 
through B\ is 

y = ar{x + R). 

If these two lines intersect each other, the co-ordinates of 

their point of intersection will satisfy both equations. Hence, 
6* 
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if we suppose x in one equation to be equal to x in the 
other, and y equal to y, and then combine the equations by 
multiplying them together, the resulting equation, 

will express the condition that the two straight lines shall 
intersect on the plane of the co-ordinate axes. 

But if the point of intersection is to be in the circmn- 
ference of the circle, x and y must satisfy the equation 

or y« = /J« -a-' = - - R*). 

Hence, aaf = — 1, or aaf +1=0. 

The two lines are therefore perpendicular to each other 
(Bk. II, Prop. VII, Sch. 2). 

Scholium 1. In the equation of condition, 

the two tangents a and are undetermined; there are, 
therefore, an infinite number of values which may be at- 
tributed to them that will satisfy the equation ; which shows 
that there are an indefinite number of supplementary chords 
that may be drawn through the extremities of the same 
diameter, each pair of which will be perpendicular to each 
other. 

ScJiolium 2. If it be required, that one of the supple 
mcntary chords shall make a given angle with the axis of X, 
its tangent n or a' becomes known, and then the value of the 
other tangent may be found from the equation of condition 

If either a or is equal to 0, the other will be infinite ; 
which shows, that if one of the chords coincides with the axis 
of Y, the other will become perpendicular to it. 
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PROPOSITION III. PROBLEM. 

Fo find the equation of a straight line which shall be tangent 
to the circumference of a circle. 

Let A be the origin of co-ordinates, 

»nd a7" + y» = /^^ 

the equation of the circle. 

Take any point of the cir- 
cumference, as P, and de- 
signate its co-ordinates by 
d'yy". Through this point 
draw a secant line ; its equation will be of the form 

y —y" z^a^X'-af'^'. 

it is now required to find the value of a when the secant 
line PP^ becomes tangent to the circumference. 

Since the point P is in the circumference, its co-ordinates 
will satisfy the equation of the circle, and we shall have, 

(xJ'^ + y"^z=:B?. 

Subtracting this from the equation of the circle, we obtam 

or (^+a/0(a?-^t/o + (y + 3/'0(y-yO = o; 

m which equation, x and y are the co-ordinates of any point 
of the circumference. 

If this equation be combined with the equation of the 
secant, x and y in the resulting equation, will be the co- 
ordinates of P^ the second point in which the secant inter 
sects the circumference. The equations are most readily 
combined by substituting for y — y[' y the value foimd in the 
equation of the secant. Making the substitution, w(^ obtain 

i 
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(a? + a/0(^-^0 + {y + y"Ma:-a/0 = O, 
and dividing by a? — a/', we have 

If now we suppose the x' 
secant PP^ to turn around 
the point P, the point P' 
will approach P : and when 
P shall coincide with P, the 
secant line will become tan- 
gent to the circumference. 
When this takes place, we 
shall have 

a? = a/' and y =y'', 

and the last equation will give, 

a/' 

in which a/', y'', are the co-ordinates of the point of contact. 

Substituting this value in the equation of the line passing 
through P, and we have, 

a/' 

or, by reducing 

or yxf' + xoi' = + a/^«, 

or y/'+a:a/^= B? ; 

in which a? and y are the general co-ordinates of the tangent 
line^ 

Scholium 1. For the point in which the tangent inter 
sects the axis of Y, we have a: = 0, and 
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And for the point in which it intersects the axis of X, 
y = 0, and 

Scholium 2. We can readily prove that every point ol 
the tangent line, except the point of contact, lies without the 
circumference of the circle. 

For, we have the equations 

and if we subtract twice the first equation from the second, 
there will result, 

Adding ay^ + y' to each member, the result may be put 
under the form 

(y - + (a? - a/ J = ^« + y« - 

In this equation x and y are the general co-ordinates ot 
the tangent line. But the first member is always positive, 
being the sum of two squares : hence, the second member is 
positive ; and therefore all the points of the tangent line lie 
without the circumference (Prop. I, Sch, 1). 

If we consider the point of the tangent line at \\hicli ii 
touches the circle, we shall have 

y = y'\ and a? = a/'. 

Each member of the equation will then become equal 
to 0, which shows, that the co-ordinates of this point wfll 
satisfy the equation of the circle 
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Scholium 3. We have thus far considered the tangent 
line as touching the circumference at a given point. Let us 
now examine the conditions which are to be fulfilled when 
the tangent line is required to pass through a given point 
without the circle. 

Tlie equation of the tangent line is of the form 

If this line be required to pass through a given point whose 
co-ordinates are a/, y', the equation will become 

Subtracting this from the first equation, and we have 

or y-.y/=-.-^(a:-a/), 

for the equation of a tangent line drawn through a given point 
without the circle. 

If it be required to find the values of the co-ordinates 
y^ of the point of contact, in terms of known quantities, 
we have the two equations, 

from which the values of a/\ may be found in terms of 
the known quantities, a/, y', and R. 

Substituting the values thus found in the equation of the 
tangent line passing through a given point, and that line will 
become entirely determined, and will satisfy all the conditions. 

The last equation being of the second degree, will give 
two values for a/\ y^'; and therefore, two tangent lines may 
be drawn to the circle from a given point without. 
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Instead, however, of finding the values of txf' and y'', it is 
better to place the equations under such a form as will indi- 
cate the geometrical construction by which the tangent line is 
to be drawn. 

If we subtract the first equation from the second, we find, 

If we add — and ^— to both members, the result 
4 4 

may be placed under the form 

By comparing this with the most general equation of the 
circle (Prop. I, Sch, 4), we see that the point of tangency 
whose co-ordinates are a/^ is in the circumference of a 

circle the co-ordinates of whose centre are ^ and — , and 
1 2 2 

whose radius is — V a/^ + y'^ and this circumference has 

for its diameter V^TM-y^. 

But the point of contact is also found on the circumference 
whose equation is 

Smce, therefore, the point of contact is found at the same 

time in the circumferences of i , 

two circles, it must be found 
at their points of intersection. 

To make the construction for 
the tangent, we lay off from ^4, 
the origin of co-ordinates, the 
abscissa a/ = AD, and at the 
point so determined, erect a 
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perpendicular to the axis of 



X and make it equal to j/. 
Join the extremity of the per- 
pendicular and the origin .4, 
and on this line as a diameter 
describe a circumference ; the 
points P and in which it 
intersects the circumference 




of the given circle will be the 

points of tangency. There will be two tangents, since the 
circumferences will intersect each other in two points. 

The construction will also show when the problem is 
impossible. For, if the values of a/, y^, are such, that the 
point falls within the circle, the two circumferences will not 
intersect each other. 

A line is said to be normal to a curve when it* is perpen- 
dicular to the tangent line at the point of contact. A line 
so drawn^ is called a normal line. 

PROPOSITION IV. THEOREM. 

Every normal line in a circle passes through the centre. 

The equation of a straight line passing through the point 
of tangency will be of the form 

The condition of its being perpendicular to the tangent 
will give 

oaf +1=0. or of = — 

a 

But from the equation of the tangent, we have 
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hence, 




The equation of the nonnal therefore becomes 
or by reducing 

and since this equation has no absolute term, the line passes 
through the origin of co-ordinates. We have thus proved a 
property known in elementary geometry, viz, : that a tangent 
line is perpendicular to the radius v\rhich passes through the 
point of contact. 

Of the Polar Eqmtian of the Circle 

The polar equation of a curve, is the equation which is 
obtained by referring the curve to a fixed point and a given 
right line. The fixed point is called the pole; the variable 
distance from the pole to any point of the curve is called the 
radius-vector^ and the angle which the radius-vector makes 
with the given straight line, is called the variable angle. 

PROPOSITION V. PROBLEM. 

To find the polar equation of the circle. 

The equation of the circle referred to rectangular co-or- 
dinates, having their origin at the centre, is 
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It is required to find ihe equation of the circle referred to a 
system of polar co-ordinates. 

Let A be the origin of the co- 
ordinate axes, P the position of 
the pole, and PJS7 parallel to the 
axis of X, the Une from wliich 
the variable angle is estimated. 
Denoting the co-ordinates of the 
pole by a and 6, the radius-vector 
by r, and the variable angle by v, we shall have for passing 
firom a system of rectangular to a system of polar co-ordinates 
(Bk. II, Prop. XV), the following formulas : 









! \ 




J X 



x=za + r cos 



y = 6 + r sin u. 



Squaring each member of the two equations and substituting 
the values of a^^ y", thus found, in the equation of the circle, 
and recollecting that cos* v + sin' t; = 1, we shall obtain, 

+ 2(a cos t; + ft sint;)r + a'* + - 2J» = 0, 



which is the polar equation of the circle. 

Scholium 1. The pole P may be placed at any point in 
the plane of the co-ordinate axes, by attributing suitable 
values and signs to its co- 
ordinates a and h. 

Let it be required, for ex- 
ample, to place the pole at 
B\ and to discuss the equa- 
tion. The co-ordinates of 
the point are, 




hence, 



and 
and 



y = 0; 
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Therefore, when the pole is placed at -B', the polar equation 
becomes, 

r' — 2JJ cos t; f =0, 

in which the angle v is estimated from the axis of X. 

Now, since in this equation the absolute term is wanting, 
one of the roots is equal to ( Alg. Art. 148) ; which ought 
to be the case, since the pole is on the curve. 

Dividing by this value of r, we obtain for the other value, 

r = 2jR cos v. 

This value of r will be positive when the cos v is posi- 
tive ; and negative, when the cos v is negative. But the 
negative values of the radius-vector must be rejected, since 
they cannot enter into the analysis. 

The figure also indicates the same result. For, the cos t; 
is positive in the first and fourth quadrants : hence, the radius- 
vector is positive when it falls in the first or fourth angle, 
The cos V is negative in the second and third quadrants : 
hence, the radius-vector is negative when it falls in the 
second or third angle. 

Now, for v = 0, the cos u = 1, and we have 

r:=2R = B'B. 

When V increases from to 90^, the radius-vector con- 
tinues positive and determines all the points in the semi- 
circumference B'CB, 

This may also be verified.. For, in the right-angled 
riangle B^CB, 

WC^B'B cos BB'C: 
that is, f = 2i? cos v. 

When V becomes equal to 90°, cos v = 0, and r becomes 0. 
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Through C, the middle point 
of PFy draw CD perpendicular 
to PF, and let C be the origin 
of a system of rectangular co- A 
ordinates, of which AB, DD^ are 
the axes. Let x and y represent 
the co-ordinates of the point P. 

The square of the distance between any two points of 
which the co-ordinates are y, and a/, y^, i$ (Bk. U. 
Prop. Ill), 

(y-yO' + (^-^)'- 

If this line passes through the point F, of which the co 
ordiqates are y'= 0, and a/=c, we shall have, 

fT' = r» = y« + (:p-c)«; 

and if we pass the line through the point JP, of wiiich tho 
co-ordinates are ^ = and a/ = — c, we shall have 

r'» = y« + (a? + c)*. 

if we add and subtract these two equations, we obtain, 

f^ + rJ^ = 2[y'' + x^ + c^\ and - r« = 4ca? ; 

the last of which may be placed under the form, 

(r' + r) (r' — r) = 4 ex. 

But we have, from the property of the ellipse, 

r + r^z=:2A. 

Substituting for V + r its value 2il, we have. 
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Combining this with the equation, 
r'+r =2A, 

we obtain 

r = il + — , and r = A — -j-. 

Squaring these values, and substituting in the equation of 
which the first member is + /*, and there results 

A« + ^ = y« + a^ + c«, 

or A\y^ + c«a?« = A^{A^ - c«), 

which is the equation of the ellipse. 

It is, however, most convenient to have the equation of the 
ellipse expressed in terms of the co-ordinates of its points, 
and the distances which the curve cuts oflF from the co- 
ordinate axes. 

To place the equation under this form, let us make a? = 0: 
this will give 



or y = V A' — c*, 

which is the value of CD or CZK ; and since c is less than 
A, this value is always real. 

If we represent CD or CZK, by ± B, we shall have 

or c« = A«-fi«. 

Substituting this value of c? in the equation of the curve, 
it reduces to 



I 
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m which, if we make y = 0, we shall have 
a?=±A = CB or CA. 

Scholium L The point C, which is equidistant from F 
and i^, is called the centre of the ellipse. 

Every straight line passing through the centre, and ter- 
minating in the curve, is called a diameter. • 

The diameter AB^ wliich passes 
through the foci, is called the D 
transverse SLxis, And since 2CA, 
or AB, is equal to 2 A, it follows, 
that the sum of the two lines drawn 
from any point of the curve to the 
foci, is equal to the transverse 
aocis. 

The diameter Diy, which is perpendicular to the trans- 
verse axis, is called the conjugate axis. 
Ill the equation of the ellipse, 

AY + B^ar" = A*B*, 

A and B represent the semi-axes, and x and y the general 
co-ordinates of the curve. It is called, the equation of the 
ellipse referred to its centre and axes. 

Scholium 2. If through the centre of the ellipse any 
'ine be drawn, its equation will be of the form 

y=:ax. 

If we combine this equation with the equation of the ellipse 

AY + B^x' = A^B\ 
we shall obtain the co-ordinates of the points H and ff^ in 
which the diameter intersects the curve. 

If we designate the co-ordinates of H by a/, and the 
co-ordinates of IP by a/', y^', we shall find, after eliminating 
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But since the co-ordinates of the point IF are the same 
as those of if, excepting that their signs are both negative 
it follows that CH=CIF: that is, every diameter of an 
ellipse is bisected at the centre. 

Scholium 3. If B be made equal to A, the equation ol 
the ellipse will become, 

which is the equation of a circle : hence, the ellipse becomes 
the circle when its axes become equal to each other, 

Scholium 4. The distance between the foci has been 
represented by 2c: hence, the distance from the centre to 
either focus is equal to c. But we have seen that, 

hence, c = ± VA«~5«. 

This distance divided by the semi-tranverse axis, is called 
the eccentricity of the ellipse ; that is, 

I ' 

is the eccentricity. 

When the ellipse becomes a circle the eccentricity is 
nothing. 

7* 
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Scholium 5. The equation of p/ 
Jie ellipse, 

Ay + jBV = A«5», 

may be put under the form 

Ay + B^'ar' - A'B^ = 0, 

and this equation will be satisfied 
so long as x and y represent the co-ordinates of points ol 
ihe curve. 

If we take any point as P\ without the curve, its ordinate 
P^D will be greater than the ordinate of the curve, and if we 
suppose y to designate this line, the first member of the last 
equation instead of reducing to 0, will become equal to a 
positive quantity. 

If, on the contrary, we take a point P'' within the curve, 
its ordinate P^^D will be less tlian the ordinate of the curve, 
and if we designate this line by y, the first member of the 
lust equation will become negative. 

The following analytical conditions will, therefore, deter 
mine the position of a point with respect to Xhe curve of the 
ellipse ; 

without the ellipse, Ay + V - A^B^ > 0, 

on the ellipse. Ay + £ V - A«jB« = 0, 

within the ellipse, Ay + B^a^ — A'^B^ < 0. 

Scholium 6. If we place the equation of the ellipse 
under the form 

y=±^VA«-a^, 

we see that every value of a?, whether plus or minus, will 
give two equal values for y, with contrary signs : hence, the 
curve is symmetrical with respect to the transverse axis. 

We also see, that if x be made greater than A, whether it 
be taken plus or minus, the value of y will become ima- 
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gmary : hence, the cuire wiU be limited both in the direction 
of X positive and x negative. 

If we place the equation under the form 

x=d^^^/B^^y\ 

we see that for every value of y there will be two equal 
values of a?, with contrary signs: hence, the curve will be 
symmetrical with respect to the conjugate axis. It will also 
be limited in the direction of y positive and y negative. 

Scholium 7. Any line as HP 
or HP^ which represents the 
value of y for any given abscissa 
CHy is called an ordinate of the 
ellipse, and is said to be an ordi- 
nate to the transverse axis. 

Every line, as NG or N& 
which represents the value of x for a given value of y, is 
also an ordinate of the ellipse, but it is an ordinate to the 
conjugate axis. 

Scholitm 8. If we transfer the origin of co-ordinates 
from the centre C, to Ay one extremity of the transverse axis, 
the equations of transformation will reduce to (Bk. II, Prop.X) 

Substituting thesfe values in the equation of the ellipse, 
it reduces to 

Ay« + W« - 2fiMa/ == ft 
which may be put under the form 

,/« = (2 Ao/ - a/»\ or, y» = j^{2Ax - ^ 
by omitting the accents ; and this is the equation oi the ellipse 
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referred to the vertex of the transverse axis as an origin of 
co-ordinates. 

Scholium 9. The property, that the sum of the tv^ro lines 
drawn from any point of the curve to the foci, is equal to the 
transverse axis, affords an easy method of describing the 
ellipse by points, when the transverse axis and foci are 
known. 

Let AB be the transverse axis 
of an ellipse, and F and F the 
foci. Take in the dividers any 
portion of the transverse axis, as 
AD, and with the focus J*^ as a 
centre describe the arcs p and q. 
With jBD, the remaining part of 
the transverse axis, as a radius, and the other focus jP as a 
centre, describe two other arcs intersecting the former : the 
points of intersection will be points of the curve. 

If with the radius AD, two arcs be described from the 
focus F, and with the radius BD two arcs be described from 
the fopus F, these arcs will also determine, by their inter- 
sections, two points of the curve. 

Scholium 10. If from either 
vertex of the conjugate axis, as D, 
the lines DP, DF, be drawn to 
the foci, they will be equal to each 
other. 

For, in the two right-angled tri- 
angles FCD, FCDy CP is equal 

to CF, and CD is common r hence, the hypotheneuse FTl 
is equal to FD (Geom. Bk. I, Prop. V). 

But FD + DF is equal to AD: hence, DF or DF is 
equal to CD. If, therefore, with either vertex of the con 
jugate axis as a centre, and with a radius equal to half tht 
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transverse axis, the circumference of a circle be described, it 
will intersect the transverse axis at the foci. 

PROPOSITION II. THEOREM. 

TTie squares of the ordinates to either axis of the eUip.*(f 
are to each other as the rectangles of the correspondiv 
segments into which they divide the axis. 

The equation of the ellipse re- 
ferred to the vertex A, as the 
origin of co-ordinates (Prop. 1, 
Sch. 8) is, 

y'* = -^(2A~a?)a?. 

If we designate a particular ordinate by r/j and its abscissa 
by a/, and a second ordinate by i/\ and its abscissa by a/', 
we shall have, 

t/^=^-^{2A^a/)a/, and t/^^ = -^{2A^a/')a/\ 

Dividing one equation by the other, we obtain 

y« _ (2A-a/)a/ 
~ {2A-^a/')a/' * 

or y» : y''* :: (2A-.a/)a/ : (2A-x^')x^'. 

But 2 A represents the transverse axis AB^ and since 
a/ = AD, 2 A — a/ = DB ; therefore, (2 A — a/) a/ represents 
the rectangle of the segments AD, DB. In like manner it 
may be shown, that (2 A — a/')a/^ is equal to the product of 
the segments AE, EB. 

It may be proved in a similar manner, that the squares 
of the ordinates to the conjugate axis, are to each other as . 
the rectangles of the segments. 
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If on the transverse axis of an ellipse the circumference 
of a circle be described, and if on the conjugate axis the 
circumference of a circle be also described : then, 

1st. Any ordinate of the ellipse^ drawn to the transverse 
aads, will be to the corresponding ordinate of the circle, as 
the semi-conjugate axis to the semi-transverse axis ; and 

2dly. Any ordinate drawn to the conjugate aocis, will be 
to the corresponding ordinate of the circle, as the semi* 
transverse axis to the semi-conjugate axis. 

Let y' and designate the 
ordinates DH, DG, correspond- 
ing to the same abscissa CD, 
which we will designate by a/. 
We shall then have, 




and y'» = il»-a/*; 



hence, 



or 



F ._A_ 

.B 



yi* B"' ^ 

Therefore, t/ : Y i : B : A. 

To prove the second part of the proposition, denote the 
ordinates NM, NP, corresponding to the same point N of 
the conjugate axis, by xf and X!, and designate CN by y ; 
we shall then have, 



and 
hence, 
Therefore, 



X'* 



B* 



af> ~ A* ' 
a/ : JT :i 



or 



of 
B 
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Corollary. From what has been demonstrated, it is plain 
that every point of the ellipse is within the circumference 
described on the transverse axis, and without the circura 
ference described on the conjugate axis. Hence, the trans* 
verse axis is the greatest diameter of the ellipse^ and the 
conjugate aocis is the least. 

Scholium. The last proposi- 
tion affords the following easy 
method of describing an ellipse 
when the axes are known. 

Let GH be a ruler, or slip 
of paper, equal in length to A, 
the semi-transverse axis. Mark 
on it a distance HO equal to B ; 
then will GO be equal to A^B, or the difference of the 
semi-axes. 

Place the ruler in such a manner, that the extremity G 
shall fall on the conjugate axis, and the point O, on the 
transverse axis, and move it around, keeping these points 
constantly on the axes ; the point H will describe the arc 
BHD of thie ellipse. By placing the ruler in the other 
angles, the entire curve may be described. 

To prove that H is a point of the ellipse, describe on the 
transverse axis a semi-circumference, and with G as a centre, 
and GH = A as a radius, describe the arc HN. Now MP 
will be equal to HF. But by simitar triangles, we have 




that is 



GH : OH 
A : B 



FH PH, 
PM : PH; 



hence, the point H is on the ellipse. 
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PROPOSmOX IV. THEOREM. 

If through the vertices of the transverse axis two supple 

mentary chords be drawn, the product of the tangents of the 
apgles which they form with it, on the seme side^ will be 
negative and equal to the square of the ratio of the semi-aaoes. 

The equation of a straight line 
pas si a through the point il, of 
which the co-ordinates are 

A 

a/^ — Aj y'=0, is 
y = a'(a: + A); 

and of a line passing through Bj of which the co-ordinates 
are a/=+A,y^=Oy 

y = a{x ^ A), 

If these lines intersect each other, we haye 

y* = aa'{x'--A*); 

but if they intersect on the curve of the ellipse, x and y 
must satisfy the equation 

By combining these equations, we find 
oaf = 



Scholium 1. In the equation 

aa^^-^^r^ 

there are two undetermined quantities, a and ; hence, an 
infinite number of supplementary chords may be drawn 
tlu*ough the extremiues of the diameter AB. 
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If, however, a value be assigned to a, or a\ that is, if one 
of the supplementary chords be given in position, the equa- 
tion of condition will determine the other, and therefore the 
corresponding supplementary chord may also be drawn. 

Scholium 2. If the ellipse becomes a circle, we shall 
have 

aa^= — 1, 
or aa'+ 1=0; 

which shows, that the supplementary chords are perpen 
dicular to each other, a property before proved (Bk. Ill 
Prop. II). 

Scholium 3. The supplemen- 
tary chords which are drawn 
through the extremities of the 
transverse axis form with each 
other an obtuse angle. A 

For, if on the transverse axis 
the circumference of a circle be 
described, all the points of the 
ellipse will be within it. 

Hence, the angle formed by two supplementary chords of 
the ellipse will be within the angle formed by the correspond- 
ing supplementary chords ol the circle, and will therefore be 
the greater angle. But the angle formed in the circle is a 
right angle ; hence, the angle formed by the supplementary 
chords in the ellipse is obtuse. 

It may be shown, in a similar manner, that the angle 
formed by the supplementary chords drawn through the 
extremities of the conjugate axis, is acute. 

To determine at what point of the ellipse the maximum 
wigle is formed, denote the angle PBX by the angle 
PAB by «, and their tangents by of and a : designate the 
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angle APB by V. Then, F= - and 

tang F = (Trig. Art. XXV). 

But since a! is negative, we may give to it its sign, and 
place the numerator under the form — (a' + a) ; and since 

we have 

Now, as F exceeds 90^ it will have the greatest value 
when its tangent has the least value. But since the denomi- 
nator in the second member is a constant quantity, that 
member will be the least when thQ numerator — {of -f- a) is 
the least. 

But, since the product a^a has a given value, the sum will 
be the least when a! = or by replacing the minus sign, 
when —a' = a. 

Hence, when the angles which the supplementary chords 
form with the transverse axis, on the same side, are supple- 
ments of each other, the angle formed by the chords will be 
the greatest possible, and their point of intersection will be at 
one of the vertices of the conjugate axis. 

It might be proved, in a similar manner, that if the supple- 
mentary chords were drawn through the vertices of the 
conjugate axis, the least angle would be formed when theii 
point of intersection is found at one of the vertices of the 
transverse axis. 
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PROPOSITION V. PROBLEM. 

To find the equation of a straight line which shall be 
tangent to an ellipse. 

The equation of the ellipse is 

Take any point of the curve, 
as P, and designate its co-or- 
dinates by Through 
this point draw a secant line : 
its equation will be of the form 

y — y = a(a? — a/^) : 

It is now required to find the value of a when the secant 
line PP becomes tangent to the ellipse. 

Since the point P is on the curve, we shall have, 

Subtracting this from the equation of the ellipse, and we 
have, 

or A\y +i/'){y--i/') + B'{x + a/'){x^a/')^0\ 

in this equation x and y are the co-ordinates of any point of 
the ellipse. 

If this equation be combined with the equation of the 
secant, x and y in the resulting equation, will be the co- 
ordinates of P\ the second point in which the secant inter- 
sects the ellipse. They are most readily combined by 
substituting for y — y^' its value taken from the equation of 
the secant. Substituting, we obtain. 
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and dividing by a: — a/\ we have 

^'(y + + B^{x + a/') = 0. 

If now we suppose to move towards P we shall have, 
at the time it coincides with it, 

X = a/', and y = ; 

and the last equation will give 

Substituting this value in the equation of the line passing 
through P, and we have 

or by reducing 

A'y/'- AY^ = - B^xx^'+ 5V« 

or A^yy'^+B'xx^'=AY^ + B^x''\ 

or, A^yy'^+ 5W^= A'^S 

in which y and a? are the general co-ordinates of the cjui- 
gent line. 

Scholium 1. We can easily prove, as in the circle, that 
every point of this line, except the point of contact, lies 
without the ellipse. 

We have the equations 

A^yy''+B^xa/'=A^B\ 
AY"" + B^^'"" = A^B\ 

If we subtract twice the first equation from the second, 
and then add A V + -B V to each member of the resulting 
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equation, it may be put under the form 

The first member of this equation is positive ; therefore 
the second member is positive : hence, every pomt of the 
tangent hne lies without the ellipse, except the point of con 
tact, the co-ordinates of which reduce both members to 
(Prop. I, Sch. 5) 

Scholium 2. To find the point in which the tangent in- 
tersects the axis of abscissas, we make y = in the equation 

A* 

which gives a? = ; 

and this value of x is equal to < 

If from Cr we subtract 
CiJ, which is designated by 
a/\ we shall obtain 

TP— /L X ^ 

^^-^/-^- ^/ • 

This distance is called the 
sub'tangenty and is, as its name implies, the projection of the 
tangent on the axis of abscissas. This expression for the 
sub-tangent is independent of the conjugate axis, and will 
therefore be the same, for all the ellipses having the same 
transverse axis ABy and the points of tangency in the same 
perpendicular RP. 

If we determine, in like manner, the sub-tangent on the 
conjugate axis, it will be found to be independent of the 
transverse axis. 

Scholium 3. The property just proved, offers an easy 
construction for drawing a tangent line to an ellipse at a 
given point. 
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Let P be the given point. 



On AB^ describe a semi-cir- 
cumference, and tlirough P, 
draw PR perpendicular to 
ABy and produce it till it ^ 
meets the circumference at 
P'. Through P\ draw a tan- 




gent line to the circumference of the circle, and from T*, 
where it meets AB produced, draw TP, and it will be 
tangent to the ellipse at P. 

The angle CFT being a right angle, the angle CPT, 
which lies within it, is obtuse. Hence, the angle formed by 
a tangent line, and the diameter passing through the point of 
contact, will be obtuse if estimated on one side of the diame 
ter, and acute if estimated on the other. 

If, however, the point of contact is at either vertex of the 
conjugate axis, the tangent line to the ellipse will become 
parallel to the tangent line to the circle, and consequently, 
perpendicular to the conjugate axis. Or, if the point of tan- 
gency be at either vertex of the transverse axis, the tangent 
line to the ellipse will coincide with the tangent line to the 
circle, and will therefore be perpendicular to the transverse 
axis. 

PROPOSITION VI. PROBLEM. 

To find the equation of a normal line to the ellipse. 

Since the normal passes through the point of tangency, 
its equation will be of the form 

and since It is perpendicular to the tangent, we shall have 
oo'+l =0. 
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But we have already fotind 




t/' 

iience, 0"==^^. 



Substituting this value, and the equation of the normal wiU 
become 



Scholium. To find the point in which the normal inter- 
sects the axis of Jf, make y = 0, and we have 



If we subtract this value from CU, which is designated 
by ccf'j we shall find 

5V 



which is called the sub-normah 



PROPOSITION m THEOREM. - 

tf one of the supplementary chords of an ellipse be parallel 
to a tangent line to the curvcy the other loill be parallel to 
the diameter which passes through the point of contact : and 
conversely, 

If one of the chords be parallel to the diameter which 

passes through the point of contact, the other will be parallel 

to the tangent line 
8 
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The equation of a line 
passing through the centre 
of the ellipse is of the form 

y = a!x. 

The condition of its pass- 
ing through the point of con- 
tact, will give 




hence 



a/' 



But we have found the tangent of the angle which the 
tangent line makes with the transverse axis, to be 



o = 



AY 



Multiplying the members of these equations together, we 
obtain 

By comparing this equation with the equation in Prop. 
IV, we see, that the product of the tangents of the angles 
which the diameter and tangent line make with the trans- 
verse axis, is equal to the product of the tangents of the 
angles which the supplementary chords form with the axis 
Hence, if in these equations we make 



we shall have 



a' = a'; 



that is, it* one chord is parallel to the tangent, the other will 
be parallel to the diameter passing through the point of 
contact. 
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Or, if we make 
we shall have a =a; 

that is, if one of the chords be made parallel to the diameter 
the other will be parallel to the tangent. 

Scholium 1. The equation of the ellipse being sym- 
metrical with respect to its axes, the properties which have 
been demonstrated with respect to the tangent, diameter, and 
the supplementary chords, when referred to the transverse 
axis, are generally true with respect to the conjugate axis. 

' Scholium 2. These properties also afford an easy method 
of drawing a tangent line to an ellipse at a given point of the 
curve. 

Let C be the centre of an 
ellipse, AB the transverse 
axis, and P the point of tho 
curve at which the tangent 
is to be drawn. ^4 

Through P draw the semi- 
diameter PC, and through 
A draw the supplementary 
chord AH parallel to it. Then draw the other supplemen- 
tary chord BH, and through P draw PT parallel to BH: 
then will PTbe the tangent required. 

Scholium 3. The same 
property will likewise ena- 
ble us to di*aw a tangent line 
to an ellipse which shall be 
parallel to a given line. A 

Let AB be the transverse 
axis of the ellipse, and M 
the given line. 
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Thrgugh the . vertex B 
draw the supplementary 
chord BG parallel to M. 

Then draw AG, and / 
through the centre C draw A 
CP parallel to AG and 
produce it till it meets the j 
ellipse again at P^. Through 
P or P' draw a parallel to GjB, and it will be the tangent 
required. 

We see, from this construction, that if two tangents be 
drawn to the ellipse through the two extremities of the same 
diameter, they will be parallel to each other. 

PROPOSITION VIII. THEOREM. 

If a line be drawn tangent to an ellipse at any potnty and 
two lines be drawn from the same point to the two foci ; then, 
the lines drawn to the foci will make equal angles with the 
tangent. 

Let C be the centre of the 
ellipse, PT the tangent line, 
and PP, PP, the two lines 
drawn to the foci. 

Denote the distance 

CP=Vil«-5« by c, CP 
by -c, the angle FPT by 
Vy and the tangents of the angles PTX, PFT, by a and a'. 
We shall then have (Bk. II, Prop. VII), 

a— a^ 





But the equation of the line FP passing through two 
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points of which the co-ordinates are oi, \jf, af'f y", is (Bk. 11, 
Prop. V), 

But the coordinates of the focus F dx^ af^c y'=0; 
hence we have, 

for the equation of FP ; hence we obtain, 

c — x' 

But we also hare 

Substituting these values, and we obtain, 

FPT- AV^-(A«-^)xV ' 

which reduces to 

■B» 

cf 

by observing that the point of tangency is on the elKpse, and 
that c« = A« - 

ThQ equation of the line PF will become the equation 
of the line PjP, by simply changing + c into — c, for then 
the line would pass through the focus F , 

Hence, the angle FPT will become the angle PPT by 
changing +c into — c. 

This gives the 

tangfvpr=-^. 

Now, since the angles FPT^ FPT, have equal tangents 
with contrary signs, they will be supplements of each other 
(Trig. Art. XIII). 
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Hence FPT + PPT= l&P. 

But, FPH+FPT = 180°; 

therefore, FPT =FPH. 

Corollary. The normal being perpendicular to the tan 
gent will bisect the angle included between the two lines 
drawn to the foci. 

Scholium 1. The last proposition furnishes a simple con^ 
struction for drawing a tangent line to an ellipse at a given 
point of the curve. 

Let P be the given point. 
From P draw the lines PF 
and PF to the foci. Pro- 
duce FP until PM shall be 
equal to PF, and draw FM. 
Then draw PT perpendicu- 
lar to FM and it will be the 
tangent required, since it makes equal angles with the hnes 
PF and PF. 

Scholium 2. The same properties will also enalble us to 
draw a tangent line to the ellipse, through a given point 
without the curve. 

Let M be the given point. 
With either focus, as F^, as a 
centre, and a radius equal to 
the transverse axis, describe 
the arc KNK'. Then, with 
M as a centre, and a radius 
equal to MF, the distance to 
the other focus, describe the 
axe FKHK\ intersecting the 
former in K and K\ Through 
Hraw KF; and through 
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P, where it intersects the eUipse, draw the straight line AfP, 
and it will be tangent to the eUipse at P. 

For, since P is a point of the ellipse PP + PF is equal 
to the transverse axis. But PP + PK is equal to the trans- 
verse axis, by construction. Hence, PF = PK. 

Further, since the arc FK is described from the centre itf, 
MF = MK : hence, the line MP has two qf its points equally 
distant from the points F and K: it is therefore .perpen- 
dicular to FK (Geom. Bk. I, Prop. XVI, Cor.) ; and since 
the triangle FPK is isosceles, MP will bisect the vertical 
angle P. The opposite angle FPM, being equal TPK^ is 
equal to FPT: hence, MT is tangent to the ellipse. 

Scholium 3. The two arcs KHK^, KNK, will in general 
mtersect each other in two points, K and A7. There will, 
therefore, be two lines, KF^ K^F^ drawn to the focus jP, 
and two points of contact, P, P' and consequently two tan 
gent lines MP, MP. 

It may also be shown analytically, that two tangent lines 
can be drawn to the ellipse from a given point without the 
curve. 

The equation of the tangent is 

and if the tangent be made to pass through a given point, 
whose co-ordinates are a/, y', the equation will become 

But since the point of contact is on the curve, we also have 

In these two equations all the quantities are known, except 
a/', which may therefore be found, and since the equa- 
ion of the tangent line is of the first degree, with respect to 
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a/', y , the equation which results from the combination of 
the two equations will be of the second degree, and will 
therefore give two values for a/' and two values for yf\ 
which values will be real, if the given point lies without the 
curve. 



Of the Ellipse referred to its Conjugate Diameters, 

Two diameters of an ellipse are said to be conjugate, when 
either of them is parallel to the two tangent lines which ma" 
be drawn through the vertices of the other. 

Since two supplementary chords may be drawn respec 
tively parallel to a diameter and the tangent lines through its 
.vertices (Prop. VII), it follows, that two supplementary 
chords may always be drawn parallel to any two conjugate 
diameters. 

Therefore, if we designate by a and of the tangents of the 
angles which two conjugate diameters make, respectively, with 
the transverse axis, these tangents must satisfy the equation, 

aa = — . 

Let us designate the corresponding angles by « and « 
We shall then have, 

sin « J ^ sin 

and a'= 7-. 



cos « 



Substituting these values in the last equation, and reducmg, 
we obtain 

A* sin « sin +5* cos « cos 0. 

which expresses the relation between the angles which two 
conjugate diameters form with the transverse axis, and is 
called, the equation of condition for conjugate diameters. 
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In the equation of condition, « and « are undetermined. 
Hence, any value may be assigned, at pleasure, to either of 
them ; and v/hen assigned to one, the value of the other 
can be determined from the equation of condition. 

If ct=zOy we shall have sin « = 0, and cos « = 1. Hence 
cos«'=0, and consequently, cos »'=0, or «/=90^ 
Therefore, when one of the conjugate diameters coincides 
with the transverse axis, the other will coincide with the con- 
jugate axis. The axes, therefore, fulfil the condition of 
conjugate diameters, as they should do, since each is parallel 
to the tangents drawn through the vertices of the other. 

The axes are the only conjugate diameters which are at 
right angles to each other. 

For, if there are others, 

ccf-^cc = 90°, or ^== 90° + «, 

which gives. 

sin uf = sin 90° cos « + cos 90° sin « = + cos «, 
cos = cos 90° cos « — sin 90° sin «= — sin «• 
Substituting these values in the equation of condition, 
sin « sin + cos « cos = 

and we have, 

(A* — J?') sin ct cos « = 0, 

an equation \yhich cannot be satisfied unless 
« = or « = 90. 

If, however, we make A = JB, the ellipse will become a 
circle, and then the equation of condition will be satisfied for 
all values of «; which proves, that, in the circle all con 
jugate diameters are at right angles to each other 
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PROPOSITION IX. PROBLEM 

To find the equation of the ellipse referred to its centre and 
conjugate diameters. 

The equation of the ellipse referred to its centre and 
axes is, 

The formulas for passing from rectangular to oblique co- 
ordinates, the origin remaining the same, are (Bk. II, Prop. 
XI), 

a?=:a/,cos« + y cosflt', y = a:' sin « + sin 

Squaring these values of x and y, and substituting in the 
equation of the ellipse, we have 

« ( A« sin'^ + J5« cos« «0y" + (A' sin»«+ B« cos« »y « > . , ™ 
\ + 2(A* sin « sin + cos « cos «0^y' ^-^AI5. 

But the condition that the new axes shall be conjugate 
diameters, gives 

A^ sin « sin a' + cos « cos = 0; 
hence, the equation reduces to 

(A« sin" +S« cos« -Oy"" +(A' sin' « + 5»cos««)a/«= 

But the equation can be placed 
under a more simple form by in- 
troducing the semi-conjugate di- 
ameters CB^ and CD^ which 
we will represent by A' and B^. 

If we make y' = 0, we shall 
have 




A' sin« « + B« cos* « 
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If we make a/ = 0, we shall have 

^ A* sill* cfl + Br cos'* X 

The denominators in the two last equations are the co- 
efficients of od\y''^y in the equation from which they were 
deduced. Finding dieir values, and substituting them in that 
equation, and reducing, we obtain 

or omitting the accents of a/ and y^, since they are general 
variables, we obtain 

for the equation of the ellipse refeiTed to its centre and con- 
jugate diameters. 

Scholium 1. The equation of the ellipse referred to its 
centre and conjugate diameters being of the same form as 
when referred to its centre and axes, it follows, that every 
value of X will give two equal values of y with contrary 
signs ; and .every value of y will give two equal values of x 
also with contrary signs: hence the eUipse is symmetrical 
with respect to either of its conjugate diameters : that is, either 
diameter will bisect all choi'ds drawn parallel to the othe? 
and terminated by the curve. 

Scholium 2. The last property points out the following 
method of finding the centre and axes of an ellipse when the 
curve is traced on a plane. 

Draw two parallel chords and 
through the middle point of each 
draw a straight line, and it will be 
a diameter of the ellipse. Find 
a second diameter in the same 
manner and their point of inter- 
section will be the centre C. 
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With C as a centre, describe the circumferer c oi *« 
circle intersecting the ellipse at Ky N and Af, and draw 
HK, and HM. 

The lines drawn from C perpendicular to KH^ JIM 
will be the axes of the ellipse. 

The reasons for this construction will readily suggest them 
selves to the reader, 

Sclioliwn 3. The equation of 
the ellipse referred to its conju- 
gate diameters is. 

If we designate any two ordi- 
nates by y^, y'^, and the corres- 
ponding abscissas by a/, a/', we shall have, 

""(A^-ha/OCA^-a/O' 

y^* : y^'^ ;: (A' + a/)(A'— ^) : (A' + a/0(A'-a/0. 

If the ordinates be drawn parallel to AJB, it may be readily 
shown, that, 

a/« : a/'« :: {B' + t/){B' - t/) : (B' + /0(5'~yO• 
Hence, the squares of the ordinates to either one of two 
conjugate diameters y are to each other as the rectangles of 
the segments into tvhich they divide the diameter. 

Scholium 4. This property 
enables us to describe an ellipse 
by points when we know two 
conjugate diameters and the an- 
gle which they form with each 
other. 

Let AB, ED, be two conju- 
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gate diameters. Turn ED round the centre C, until it 
becomes perpendicular to ABy and then describe an ellipse 
on AB and E^I/ as axes. 

Take any ordinate to the transverse axis as FH, and 
incline it until it becomes parallel to CD: the points 
will be on the ellipse described on the conjugate diameters 
ABy ED. In a similar manner any nimiber of points may 
be found. 

Scholium 6. To determine whether there are any conju- 
gate diameters that are equal to each other, we make A'= B' 
in the equations 



■ A*sin»« + B" cos««' A«sin^«' + 5«cosV 

this will give 

A^ sin« <itf+ B^ cos* A* sin* « + jB* cos* «. 

If there are any unequal values of « and otf which wilJ 
satisfy this equation, such values will give equal conjugate 
diameters. 

If we substitute for sin**', 1— cos*«', and for sin*«, 
I — cos* «, we shall have, 

A* — A* cos* J?* cos* A* — A* cos* « + S* cos* «, 
or (A* - jB*) cos* «' = (A* - jB*) cos* «; 

hence, cos = — cos «, 

or «'+«=180o. 

Hence, 1st. The equal conjugate diameters are parallel 
to the supplementary chords joining tlie vertices of the axes 
(Prop, IV, Sch. 3). 

2d. Tliey form with each other the greatest angle which 
can be contained by conjugate diameters. 
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Scholium 6. The parameter of any diameter is a third 
proportional to the diameter and its conjugate. Thus, if P 
designate the parameter of the diameter 2 A', we shall have, 

2A' : 2jB' : : 2B' : P, 

2B'^ 



or 

Scholium 7- 
equal to — - 



P = : 

A' 

The parameter of the transverse axis is 

2 A* 

and of the conjugate axis to «, 

It is easily shown, that the chord drawn through the focus, 
and perpendicular to the transverse axis, is equal to the para* 
meter of that axis. 

Scholium 8, If through the extremities of either of the 
conjugate diameters two supplemenlary chords be drawn, they 
will enjoy properties analogous to those of the supplementary 
chords drawn through the vertices of either axis. 

Let AB be the conjugate diame- 
ter, which is designated by 2 A'. 
This line will represent the axis of 
X^y and DU will correspond to ^ 
y. Designate the angle DCB by 
j8. Then, if through i?, whose co- 
ordinates are y'=0 and a/=:A^, 
a right line be drawn, making with 

AB an angle equal to «, its equation will be of the form 

(Bk. II, Prop. IV), 

/ A/\ J sin « 

V = aix — A ), and a = -— ^ : . 

^ sm(i3— «) 

If through Ay whose co-ordinates are ^=0, af=z^A' 
a second right Hne be drawn, making with AB an angle 
we shall have, • 

sin 




sin(i3~*0' 
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Combining these equations with each other, and with the 
oquation of the ellipse 

we obtain il'W+ J?'* =0 

for the equation of condition when the lines are supplemen- 
tary chords. In this equation, a and a! express the ratio 
of the sines of the angles which the supplementary chords 
make with the conjugate diameters. 

I ROPOSITION X. PROBLEM. 

To find the equation of a tangent line to an ellipse referred 
to its conjugate diameters. 

If the co-ordinates of the point of contact be designated by 
y^ the equation of the tangent will be of the form 

in whi'^.h it is required to determine the constant quantity a. 
To do this, combine the last equation witl the equations 

as in Prop. V ; and we shall find 

and the equation of the tangent will become 

or by reducing A^^y x/^ + jB^ W = 

which is of the same form as in the case of :he "^xea. 
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Scholium 1. If a line be drawn through the origin of 
co-ordinates, its equation will be of the form 

y = afx. 

If this line passes through the point of tangency, the equa 
tion will become 

= doJ^y whence, V = ^ . 

OS 

If this value of d be multiplied by that of a, in the equa 
tion of the tangent, we have 

ad = — — , 

By comparing this equation with that deduced in the eighth 
scholium of the previous proposition, we see, that the sanie 
relations exist between the angles which a tangent and the 
diameter passing through the point of contact, form with the 
axis of X\ as exist between the angles which the supple 
mentary chords form with the same axis. 

Therefore, if we make 

a = a, 

we shall have 

d=af; 

that is, if the tangent be parallel to one of the supplementary 
chords, the diameter passing through the point of contact will 
be parallel to the other: and conversely, if the diameter is 
parallel to one of the supplementary chords, the tangent at 
the vertex will be parallel to the other. 

This is the same property, with respect to any diameter, 
as was proved in Prop. VII, with respect to the transverse 
axis. 

Scholium 2. This property enables us to draw a tangent 
line to an ellipse, at a given point, without knowing the axes. 
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Let P be the point of the curve jjv 

at which the tangent is to be /"t^O^^^^xA p 

drawn. ^ j/^'-^^v^. ^---^'xX 

Find ihc centre C of the ellipse, ^^'^^r\^ Ab'^ 

as in Scholium 2 of the last pro- (^-""^^'^ \ ^ 
position : draw CP, and a diame- 
ter ACB, Draw AH parallel to 

CP, and join H and B. Then draw PT parallel to HB, 
and it will be tangent to the ellipse at P. 

Scholium 3. The same property also enables us to find 
two conjugate diameters which shall make a given angle with 
each other. 



Let AB be any diameter of 
the ellipse, and C the given angle 
which the required conjugate di- 
ameters are to make with each 
other. 

On ABy describe an arc capable 
of containing the given angle C 




(Geom. Bk. Ill, Prob. XVI). 

Through the point iV, in which this arc intersects the ellipse, 
draw the supplementary chords AN^ BN. Through the 
centre, draw two diameters respectively parallel to these 
chords, and they will be conjugate diameters, and make with 
each other the given angle. 

If the given angle is equal to 90°, the conjugate diameters 
which are found will be the axes of the ellipse. 

If the angle is greater than the angle formed by the supple- 
mentary chords drawn through the vertices of the axes, the 
problem wiU be impossible, and the circumference of the 
circle will intersect the ellipse only at the points A and B. 
9 
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PROPOSITION XL PROBLEM. 

To find the equations which shall express the relation 
between the values of the axes of an ellipse^ and the values 
of any two conjugate diameters. 

The equation of the ellipse referred to its conjugate diame« 
ters, is of the form 

and the formulas for passing from oblique to rectangular axes, 
the origin remaining the same, are (Bk. U, Prop. XII), 

^ _ a? sin y cos ycos<» — a?sin<« ^ 
"~ sin sin * 

Substituting these values of a/, we have 

(^«» cos2«+ cosV) y2+ {A'^ sin^x+B'^ sinV)!;* 
— 2 sin * cos « + B'^ sin «' cos «') xy = A'^B'^ sm^ («'-^ a), 

for the equation of the ellipse referred to its centre and axes. 

But « and «^ must have such values as to make tliis equa- 
tion of the known form, 

We must tiierefore have, 

A'*cos»« + cosV= A\ 
il'«8in«« + 5'« sinV=5«, 
A'* sin « cos « + jB'* sin «' cos tit =0, 
A'«5'*sin«(«'-«) = A«5«, 
or i4'5'sin(«^-«) = AJB. 
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If we add the first and second equations, we shall obtain 

]f to the two last equations, we unite the equation 
il« tang « tang «'+ = 0, 

which determines the position of the conjugate diameters 
with respect to the axes, we shall have the three following 
equations : 

A» tang « tang ^+ B^ = 0, (1) 
A'B' sin =A5, ' (2) 

A'^ + B'* ^A^ + B\ (3) 

which express the relations that exist between the axes of an 
ellipse and any two of the conjugate diameters. 

Scholium 1. These equations contain six quantities : 

A, jB, A', B', «, of. 

If three of these six quantities are known, or given, there 
will be but three unknown quantities entering into the three 
equations ; the values of these may, therefore, be found from 
the equations. 

Scholium 2, If we know the angle which the conjugate 
diameters make with each other, it will be equivalent to 
knowing « or etl. For, designate the known angle by p ; 

then, ci~^»z=if^^ 

or ie^zzr/B + rt; 

, / . s tan<T/5+ tanff « 

hence, tanff <«^= tanff (/3 + «) - — ■ — . 

' ^ o v'- " ^ 1 — tang i3 tang « 

9* 
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Substituting this ralue of tang J in tlic first equation, and 
we have 

A* tang* « + (A*- B^) tang « tang p + 5« = ; 

from which we can find tang «, and consequently «, in terms 
of the axes and the known quantity, tang ^. 

Scholium 3. To interpret the second equation, 
A'£^sin(«'-«) = A£. 

let us suppose the ellipse .^-f 

whose centre is C, to be " ^ 

circumscribed by a rect- 
angle formed by drawing 
tangents at the vertices of 
the axes, and also by a 
parallelogram formed by 
drawing tangents at the 
vertices of the conjugate 
diameters, which are represented by 2A' and 2B\ 

From M draw MK perpendicular to CN. The angle 
NCP is designated by — «, and since MNC is the sup- 
plement of NCP, its sine will be equal to sin («' — «). 
Further, NM = CP = A\ Therefore (Trig. Th. I, Cor.), 

MK = A' sin 

Hence, A^B' sin «) = CPMN (Mens. Prob. I). 

The second member, Ax is equal to the rectangle 
CBHD. But the parallelogram CPMN is one-fourth the 
parallelogram ML, and the rectangle CBHD is one-fourth 
llie rectangle HF: hence, the second equation expresses the • 
following property : 

TTie rectangle which is formed by drawing tangent lines 
through the vertices of the axes, is equivalent to the parat* 
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lehgram which is formed by drawing tangents through the 
vertices of conjugate diameters, - 

Scholium 4. To interpret the third equatioiii 

we first multiply both members by 4, and obtain, 

4A'» + 45'» = 4A» + 4jB«, 

which expresses the following property. 

The sum of the squares described on the axes of an ellipse 
is equal to the sum of the squares described on two conjugate 
'diameters. 



Of the Polar Eqmtion of the Ellipse and the 
Measure of its Surface 

PROPOSITION XII. PROBLEM. 



To find the general polar equation of the ellipse. 

If we designate the co-ordi- 
nates of the pole P, by a and 
by and estimate the angles v 
firom the line PX^ parallel to 
the transverse axis, we shall 
have the following formulas 
for passing from rectangular 
to polar co-ordinates (Bk. II, Prop. XV) : riz., 

x = a + r cos v, y = 6 + r sin v. 

If we substitute these values of x and y in the equation, 




IM 
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we obcain 

A« sin't; I r* + 2 A«6 sin t; I r + A^V + B*a« — A*B* = 
cos*t; I + 2 J?*acos v \ 

which is the general polar equation of the ellipse. 

Scholium 1. If we sup- 
pose the pole P to be placed 
on the ellipse, its co-ordinates 
a and b will satisfy the equa- 
tion of the ellipse, and give 

The polar equation will then reduce to 




A* sin Hi 
+ 5* cosH; 



r" + 2A*6 sin v I r 
+ 2J?^acos V I 



which becomes 



A* sin*t; j r + 2 A'6 sin ti > ^ 
+ B*cos*t;l +2J?«tfCosi;> ' 

by dividing by that value of r which is 0. 

The value of r, in this equation, represents the distance 
from P to the second point in which the radius-vector meets 
the curve. 

If we make tlie second value of r also equal to 0, the two 
points in which the radius-vector intersects the ellipse will 
unite, and the radius-vector will become tangent to the curve. 
Making r = 0, we obtain 

2 A*6 sin t; + 25'a cos t> =; ; 



hence, 



ta«gt;=-^, 
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which represents, as it ouglit to do, the tangent of the angle 
which the tangent line makes with the axis of abscissas. 

Scholium 2. If the pole be placed at the centre of the 
ellipse, its co-ordinates will become 

a = 0, 6 = 0. 

Substituting these values in the general polar equation, 
and it will give 

AB 



r = 



V A* sih^t; -|- cos'u 
Making t; = 0, we have 

r = A. 

If we make i; = 90®, we have 
r = fi. 

If we suppose A == £| the ellipse will become a ciiclei 
and we shall have 

r = A 

for all values of v. 

Scholium 3. Let us now discuss the polar equation when 
the pole is placed at either of the foci. 
The co-ordinates of the focus F, are 

6 = 0, a= + VA«--B«. 

If these values be substituted in the equation 

r + A«6« + 5V^A«S« = 0i 



A* sin'u 
+ cos'u 



r« + 2A*6 sinv 
+ 2B^a cos V 



it reduces to 

(A* sin*t; -f-jB* cos*t;)r'-f-25*a cos t;.r = J9* 
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Re»./!v!r.g the equauoa viiii reference to r, and the radical 
port bcconics 

jB* (A* sm*c + jB* ccs^r) + JS*a* co3*r, 
which, by placing for a* il3 rJuc A* — jB*, reduces to 

A«jBV^sin*i; + cos*i X or A*^ ; 
which gives two rational values. 



_^ B^(acosv — A) and r— B^(o cos v A) 



These values may be placed under more simple forms : 
for we have, by substituting for sin*r, 1 — cos*r, 

A* sin't; + cos^v = A* — (A* — ^)cos*f; = A* — a* cosH;. 

But we also have 

A* — a* co8*t; = (A + a cos t;)(A — a cos t;), 

which being substituted in the values of r, will give 



- -, and r=— . 

A + a cos V A — a cos t; 



Now," the second value of r is constantly negative for all 
values of v. For, the numerator B* is positive, and in the 
denominator a < A and cos v < 1 ; hence, A — a cos t; is 
positive ; therefore, the essential sign of the second member 
is the same as its algebraic sign, that is, negative. Hence, 
this value must be rejected. 

In regard to the first value, 

A + a cos t; * 

It will give points of the curve from v = to r = 360°, which 



1 
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will determine the entire ellipse. In this equation, the values 
of r begin at the vertex nearest the pole. 

Scholium 4. The pole can be removed to the focus F 
by simply changing the sign of a. We should then havQ 

A — a cos t; 

m which the values of r begin 
at the vertex farthest from the 
pole, and v increases in the same 
direction as before, from to 360°. 

Scholium 5. It simplifies the polar equation to introduce 
into it the eccentricity (Prop. I, Sch. 4). 
Designate the eccentricity by e ; then, 

— = e, or a = Ae 
A 

Also hence, jB« = - e«). 
A^ 

Substituting these values in the two last equations, tbe'y 
become 

r = ~ and r=:—^ ^. 

I + e cos V 1 — e cos v 

Scholium 6. It should be remarked, that the common 
mmierator in these values of r, is equal to half the parameter 
of the transverse axis. 




For. x,i-..)=a(.-!4!^) = ^. 
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PROPOSITION XIIL THEOREM. 



The area of an ellipse is equal to the product of its semu 
axes multiplied by the circumference of a circle whose 
diameter is unity. 

Let AB be the transverse axis 
of an ellipse and C the centre. 

On the transverse axis AB 
describe the circumference of a 
circle, then, if Y designate the 
ordinates of the circle, and y the 
corresponding ordinates of the 
ellipse, we shall have (Prop. Ill), 




Y : y :: A 
r : y" :: A 
Y+r : y + y' 



B; and 
B; hence, 
A ^ B ^ 



(Geom. Bk. II, Prop. X), and the areas of the circle and 
ellipse are to each other in the same ratio. 

To prove this, inscribe a polygon in the circle and from the 
angular points draw ordinates to the diameter AB^ Join the 
points in which these ordinates intersect the ellipse, and there 
will be inscribed in the ellipse a polygon of an equal number 
of sides. 

We shall then have, for one of the trapezoids PNN^P' of 
the ellipse, 

and for the corresponding trapezoids PMMP of the circle 

y+ T 



or 
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These trapezoids are to each other as 

y+F to y + j/, that is, as A to B, 

and the entire surfaces of the polygons of which the tra^jezoids 
are like parts, will be to each other in the same ratio. As this 
will hold true whatever may be the number of sides of the 
polygons, it will be true when that number is indefinitely 
increased, in which case one of the polygons will become the 
circle and the other the ellipse. 

Let us designate the area of the circle by S, and the area 
of the ellipse by s, we shall then have, 

S : s A I B, 

that is, the area of the circle is to the area of the ellipse as 
A to By and consequently, 

s^__B^ 

\ • 

But the aiea of the circle is equal to A'sr, (Geom. Bk. V, 
Prop. XII, Gor. 2) : we shall then have for the area of the 
ellipse 

s = AB^. 

Corollary, The area of the ellipse is a mean proportional 
between the two circles described on the axes. For, the area 
of the circle described on the transverse axis is A^^ ; and the 
area of that on the conjugate axis is B^^ : their product is 
A^B^^% the square root of which is AB^ 
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BOOK V. 



Oftlie Parabola. 



^ The parabola is a curve of which any point is equally 
distant from a fixed point and a given straight line. 

The fixed point is called the focus D 
of the parabola, and the given straight 
line is called the directrix. 

Thus, if F be the fixed point and 
ED the given line, and the point P 
be so moved that PF shall be con- 
stantly equal to PC, the point P will 
describe a parabola of which jF is the 
focus and DE the directrix. ^ 

PROPOSITION I. PROBLEM. 




To find the equation of the parabola. 

Let F be the focus and DC the 
directrix. Denote the distance FB, 
from the focus to the directrix, by p, 
and let the point A, equally distant 
from B and F^ be assumed as the 
origin of a system of rectangular co- 
ordinates of which AXy A Y, are the 
axes. The distance AF will be equal 



to 



JL 
2 




Let X and y be the co-ordinates of any point of the curve 
as P: then will the distance FP, from this point to P, of 
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wliich the co-ordinates are a/ = ~- and ^ = 0, be ex- 
pressed by 

But by the definition of the curve, 

FP = PC = BA + AR = ^+x. 

Hence, 

or, y^ + a^'-px + ^ = ^+px + a^, 

hence, y* = 2pXf 

which is the equation of the parabola referred to tlie rect- 
angular axes of which A is the origin. 

Scholium 1. The axis of abscissas AX is called the axis 
of the parabola, and the origin A is called the vertex of the 
axis, or principal vertex; and the constant quantity 2p is 
..called the parameter. 

The equation of the parabola gives 

1/= dz V 2pXy 

from which we see, that for every value of x there will be 
two equal values of y with contrary signs. Hence, the 
parabola is symmetrical with respect to its axis. 

We see further, that y will increase with a?, and will 
have real values so long as x is positive. Hence, the curve 
extends indefinitely in the direction of x positive. 

Tf we make a? = 0, we have. 
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which shows that the axis of y is tangent to the curve at the 
origin. 

If we make x negative, we shall havC| 
y = ± V — 

Of, y imaginary; which shows, that the curve does not 
pass the axis of Y and extend on the side of x negative. 

Scholium 2. In the ellipse the parameter of the trans- 
verse axis is a third proportional to the axes : in the parabola 
it is a third proportional to any abscissa and the corres- 
ponding ordinate. For, from the equation 

we have, 

X : y : : y : 2p. 

Schdium 3. If the abscissa x be made equal to — p, 

2 

we shall have 

y« = p«, or y=p, or 2y = 2p, 

which shows that the double ordinate through the focus is 
equal to the parameter. 

Scholium 4. In the parabola, the squares of the ordinates 
are to each other as the corresponding abscissas. For, de- 
signating any two ordinates by y\ y^\ and their corres- 
ponding abscissas by a/, a/', we shall have 

y'« = 2pa/ and y^^» = 2pa/' ; 

hence, x/^ \ \ \ a! \ a/\ 

hy omitting the common factor 2p. 

Scholium 5. By a system of reasoning similar to that in 
Sch. 5, Prop. I, Bk. IV, we find the conditions for deter 
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mining the position of a point with respect to the curve. 
They are, 

for a point without the curve, y* — 2px > ; 
for a point on the curve, — 2px = ; 

for a point within the curve, y* — 2px < 0. 

Scholium 6. The properties of the parabola which have 
been explained, afford an easy method of describing it 
mechanically. 

Let BL be a given line, and LCD 
a triangular ruler, right-angled at C. 
Take a thread, the length of which is 
equal to the side CD, and attach one 
extremity at Z), and the other at any 
point, as F. Place a pencil against 
the thread and the ruler, making tense 
the parts of the thread FP, PD. 
Then if the side CL of the ruler be moved along the line 
BL, the pencil will describe a parabola, of which F is the 
focus and BL the directrix : for, the distance PF will be 
equal to PC, for every position of the ruler. 




Scholium 7. If the parameter of the parabola is 
we have a simple construction for determining points 
curve. 

Let AX, be the co-ordi- 
nate axes. The equation of the 
curve is, 

y« = 2px. 

From the origin A, lay off a 
distance AB, on the negative side 
abscissas, equal to 2p. Then 
from A lay off any distance as 



known 
of the 
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AP and draw PM perpendicular 
to AX. On BP as a diameter, 
describe a semi-circumference, and 
ihrougli Q where it inte rsects the 
axis AYy draw QM parallel to ^ 
AX ; the point M where it inter- 
sects PMy ^^'ili he a point of the 
curve. For, from the equation of 
the circle, 

hence, y«=2|W?, 
for any point, M or Af. 




PROPOSITION IL PROBLEM. 

To find the equation of a tangent line to the parabola. 

Let us designate the co-ordinates 
of the point of tangcncy P by ; 
the equation of a straight line passing 
through this point, will be 

it is required to determine a when 
the right line is tangent to the para- 
bola. The equation of the parabola is 

and since the point of tangency is on the curve, we also have 

Subtracting the last equation from the preceding, we obtair 
(v + !/'){y-!/') = 2p{x^a/^). 
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Combining this with the equation of the line passing 
thiough P, and we have 

or «(y + y0 = 2/), 

in which y is the ordinate of P'. 
Making y = ^ , we have 




Substituting this value in the equation of the line passing 
through P, and we have 

or by reducing, and observing that y"* = 2pa/', 

yy''=p(j? + a/0, 

which is the equation of the tangent line. 

Scholium 1. It is easily proved that every point of the 
tangent line, except the point of contact, lies without the 
curve. 

. For, subtracting twice the last equation from 

and then adding y* to both members, we obtain 

//«-2y/+y«=y«-2pa7, 

or W'—yy =y' — 2;}a:. 

But the first member being a square, is positive ; hence, the 
second member will be positive ; therefore, the points whose 
co-ordinates are x and y, are without the curve (Prop. I, 
Sch. 6). 

10 
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If the co-ordinates of the point, at which the tangent 
touches the curve, be substituted in the equation, both mem« 
bers will reduce to 0, which shows that the point of tangency 
is on the curve. 

Scholium 2. If in the equation of the tangent 

we make y = 0, we shall have 
0=p{x + a/% 

T A 

But since the factor p is a constant 
quantity, we must have, 

that is, a/'=A2)=-j:=-AT. 

That is, the sub-tangent is double the abscissa, or ts 
bisected at the vertex. 

The analytical condition expressed by 

a? + a/'=0, or AT+AD = 0, 

indicates that the quantities are equal to each other, ana 
estimated on different sides of the origin of co-ordinates. 

Scholium 3. This properly indi- 
cates a simple method of drawing 
a tangent line to the curve when 

the point of contact P, and the axis, 
are given. 

For, from P draw PD perpen- 
dicular to the axis, and then make 
A T=:AD. Draw a right line through 
T and P, and it will be the tangent 
required. 
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PROPOSITION m. PROBLEM. 

To find the equation of a normal line to the parabola. 

Let a/\ yf' be the co-ordinates of 
he point of tangency. Then, the 
equation of the normal will be of 
the form 

and since it is perpendicular to the 
tangent 

ao'H- 1=0. 
But we have already foimd 

a = /,. hence .^^^1, 
therefore, we have 

for the equation of the normal. 

Scholium 1. If in the equation of the normal 



we make y = 0, and then find the value of a?— a/', we 
shall have, 

a? — a/'=jj. 

But X is equal to the distance AN^ and af' to the distance 
AR: hence, a? — a/'=p is equal to RN : that is, the svh^ 
normal is constant^ and equal to half the parameter . 
10* 
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Scholium 2. This properly fur- 
nishes an easy method of drawing a 
tangent line to the parabola, at a given 
-point P. 

For, draw the oi"dinale PR to the 
axis, and from ihe fool R, lay off a 
distance RN and join P and N, 
Then draw TP perpendicular to 
PN at P, and it will be tlie tangent required. 

PROPOSITION nr. theorem. 




A tangent line to the parabola at any point of the curve 
makes equal angles with the axis and with the line drawn 
from the point of tangency to the focus. 

Designate the co-ordinates of the point of tangency P by 
y^'f and the co-ordinates of the focus P, by 

a/=£- and ^=0. 
2 ^ 

The equation of a straight line pass- 
ing througli the focus will be of the form 

y-y = a'(a:-a/), 

and if it passes through the point of 
tangency, we shall have 

y"— y'=(/(a/'— a/): but the co-ordinates of the focus 
being * =^ and y'=Ot we have, /^=^(*'^— g)f 

and a' = — ^ 

2- 

If we designate the angle TPF by F, and the tangent 
of PTF by a, we shall have 

a' — a 

tanff F = . 

^ l+afa 
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But we have before found 

then substituting for a! and a their values, and observing 
lhat = 2pa/', we shall find 



tang F = ^: 




hence, the triangle FTP is isosceles. 

Scholium 1. This property gives an easy construction for 
drawing a tangent line to the curve al a given point, as P. 

Join P and the focus F : then, lay 
off from F a distance FT equal to 
FP, and jom P and T, and PT will 
be the tangent required. 

2d Method. Draw the directrix 
BCj and from P, draw PC perpen- 
dicular to it. Draw PC, and from P 
draw PT perpendicular to PC, and 
it will be tangent to the parabola at P. 

For, since PC and PP are equals 
the triangle PCF is isosceles ; hence, PT drawn perpen- 
dicular to the base PC, bisects the vertical angle CPP. 
But because of the parallels CP, PJC, the angle CPT is 
equal to PTF : hence, PTF is equal to TPP, and there- 
fore TP is tangent to the parabola at P. 

Scholium 2. We can also draw a 
tangent that shall be parallel to a 
given line. 

Let BC bo the given line. At the 
focus P, lay off an angle A'PP equal 
to twice the angle which the given 
line makes with the axis of X. 

Througli P, the point at which PP 
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intersects the curve, draw PT parallel 
to BCy and it will be the tangent re^ 
quired. 

For, the outward angle PFX b 
equal to the sum of the angles P and 
PTF. But PTF being equal to the 
angle which BC makes with tlie axis 
of Xy is equal to one-half of PFX; 
hence, the angle at P is equal to half 
of PFX: therefore, the triangle PTF is isosceles, and con- 
sequently PT* is tangent to the curve at P. 

Scholium 3. The same property also enables us to draw 
a tangent line to the parabola from a given point without 
the curve. 

Let G be the given point through 
which the tangent line is to be drawn. 

With G as a centre, and a radius 
equal to GF, the distance to the focus, 
describe the arc of a circle intersect- 
ing the directrix at C and C\ Through 
C and C draw two lines parallel to 
the axis BX, intersecting the parabola 
in P and P^. Through G, draw GP and GP', and they 
will be tangents to the parabola at P and P'. 

For, join P and the focus F. Then, since P is a point 
of the parabola PF=:PC; and by construction GF=: GC: 
hence, the line GP has two points, G and P, equally dis- 
tant from C and F: it is, therefore, perpendicular to CF 
(Geom. Bk. I, Prop. XVI, Cor.) ; and is consequently a tan- 
^ gent, by scholium 1. 

It may be proved in a similar manner, that GP' is tangent 
to the curve at P'. 

Scholium 4. It may be shown analytically, that two tan 
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genu can be drawn to the parabola from any point with 
out the curve. 

Denote the co-ordinates of the given point without the 
curve by a/, \f : the equation of the tangent will then become 

but since the point of contact is on the curve, we also have 

Combining these equations, we shall find two real values 
for a/', and two values for yf' : but these values will be the 
co-ordinates of the points of contact : hence, there are two 
points of contact, and therefore, two tangents may be drawn 
to the curve from a given point without. 

PROPOSITION V. THEOREM. 

If from the focus of a parabola a line be drawn perpen 
dicular to a tangent. 

1st, The point of intersection will be on the aads of Y • 
and, 

2dly. The square of the perpendicular will vary as the 
distance from the focus to the point of contact. 

The co-ordinates of the focus F 
being, ^ = ~-i>> j/ = 0, 
the equation of a line passing through 
'U will be 

But the condition that this line 
•hall be perpendicular to the tangent 
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gives, oaf +1=0, hence, 

a £_ p 

V" 

the equation of the perpendicular 
therefore becomes, 




Combining this with the equation 
of the tangent line, which is 

and substituting for i/^* its value 2pa/^f and reducing, we 
find, 

an equation which can only be satisfied when a? = 0: hence, 
the point H at which the perpendicular meets the tangent is 
on the axis of Y. 

To prove the second part of the proposition we have onlv 
to consider, that in the right-angled triangle TFHy 

Fit = FTx FA, (Geom. Bk. IV, Prop. XXIII), 
or, FH* = FPxFA, 

But FA is constant, being equal to -ip : hence, Fif 
varies as the distance FP. 
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Of the Parabola referred to Oblique Co-ordinate 
Axes. 

We have thus far deduced the properties of the parabola 
from its equation, obtained by referring the curve to a system 
of rectangular co-ordinates, having their origin at the vertex. 
We nov^r propose to develop some of the properties of the 
curve by referring it to a system of oblique co-ordinates. 

PROPOSITION VI. PROBLEM. 

To find a system of co-ordinate axes, such, that the equa- 
tion of the parabola when referred to them, shall be of the 
same form as when referred to rectangular axes having 
their origin at the vertex. 

The formulas for passing from rectangular to oblique axes, 
are (Bk. II, Prop. XI, Sch.), 

a? = a + a/ cos « + cos y = 6 + a/ sin « + sin «^ 

in which it is required to find such values for the undeter- 
mined constants a, 6, «, and ttf, as to cause the new axes to 
fulfil the required conditions. 

Substituting the values of x and y in the equation 

y« = 2px, 

and it becomes, 

sinV + 2x^1/ sin « sin «'+ a/« sin'« + 6« _ 2(7p )^ 
4-2(6sin«'--pcos«0y'+2(&sin« — pcosaja/ J 

In order that this equation shall be of the form 
y' = 2pXy 

we must give such values to the undetermined constants as 
shall make, 

i 

I 
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6«-2ap = (1) 

8m'« = (2) 

sin « sin = (3) 

b sin I? cos = (4); 

and we are at liberty to assign four arbitrary conditionsy since 
there are four undetermined quantities. Having introduced 
these conditions, the equation becomes, 



2p 



J. 




sinV 

Let us now consider these four con* 
ditions separately. 

The first equation of condition is 
of the same form as the equation of 
the parabola referred to the primitive 
axes. Therefore, the co-ordinates of 
the new origin will satisfy the primi- 
tive equation, and hence the new origin 
is on the curve at some point as A!. 

Li the second equation of condition, we have, 

8in'« = 0, hence, « = 0, 

which shows, that the new axis of abscissas JF, is parallel to 
the primitive axis AX, 

The third equation of condition 

sin « sin = 0, 

is satisfied by virtue of the sin« = 0; hence it is nothing 
more than the second. 
The fourth equation 

6 sin — I? cos «^ = 0, 



gives, 



tang«^ = ^ 
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and since this value of tang d is the same as that found in 
Prop. II, for the tangent of the angle which the tangent line 
makes with the axis of Xy we conclude, that the new axis 
Y' is tangent to the parabola at the new origin Al. 

Scholium 1. Let us now resume the equation, 
and to simplify the form of it, put 

we shall then have, by omitting the accents of the variables, 

for the equation of the parabola referred to the new axes. 

In this equation, every value of a? will give two equal 
values of y with contrary signs : hence, the curve is sym- 
metrical with respect to the axis A'JS7 ; or, this axis bisects 
all chords of the parabola which are parallel to the tangent 

The term diametery designates any straight line which 
bisects a system of chords drawn parallel to each other and 
terminating in the curve ; and the curve is said to be sym* 
metrical with respect to the diameter, whether the chords are 
oblique or perpendicular to it. In this sense, therefore, every 
line drawn parallel to the axis AX, is a diameter of the 
parabola : hence, all diameters of the parabola are parallel 
to each other, a property which shows that the centre of the 
curve is at an infinite distance from the vertex* 

Scholium 2. In the equation 
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or in the reduced equation 

^j^, or its equal 2//, 
is caLed th^ parameter of the new diameter A'JF. 

PROPOSITION VII. THEOREM. 

The parameter of any diameter ts equal to four times the 
distance from the vertex of that diameter to the directrix^ 
or four times the distance from the vertex to the focus. 

We have, from the last scholium, 



sm 



But the equation which determined 
the direction of the new axis Y^, is 



tang«'=-^. 




But 



sin* «'= 



tang* 



1 + tang* Iff * 



hence, 



sm 



2a +p* 

Substituting this value of sin*«' in the first equation, we find 
2^^=4(1 + 2^, 

or 2/=4^a + |.j. 

But -r is equal to A'C, or equal to the distance A'F 

from the vertex to the focus : hence, the parameter of the 
-neter is four times that distance. 



BOOK V. 



157 



PROPOSITION VIII. PROBLEM. 

To find the eqiiation of a tangent line to the parabola, when 
referred to oblique axes. 

Designate the co-ordinates of the 
point of tan/^ency by a/^, y^ 

The equation of a line passing 
through this point, will he of the form 

y — y = a{x —a/'). 

Combining this with the equations 

y« = 2j/Xy 

and we find 




Substituting and reducing, we obtain 
yi/'=p'{x + a/% 

which is the equation of the tangent. 

Scholium. If, in the equation of the tangent 

yj/'=^l/{x + a/% 

we make y = 0, we shall have 

a? + a/'=0, 

or a? = — a/', 

which shows, that the sub-tangent is bisected at the vertex; 
and this property may be used in drawing a tangent line to 
the curve, when it is referred to oblique co-ordinates. 
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Of the Polar Equation of the Parabola and the 
Measure of its Surface. 



PROPOSITION IX, PROBLEM. 




To find the general polar equation of the parabola. 

Let P be the pole, and through it 
draw PX^ parallel to the axis AX. 
Then, designating the co-ordinates of 
the pole by a and 6, and estimating 
the angles v from the line PX^ we 
have, for passing from rectangular to 
polar co-ordinates, the following for- 
mulas (Bk. II, Prop. XV): 

a? = a + r cos u, y = 6 H- r sin v. 

Substituting these values of x and in the equation 

y* = 2pXi 

and reducing, we obtain 

sin'i; + 2(6 sin t; — p cos v)r + 6* — 2pa = 0, 

which is the general polar equation of the parabola. 

Scholium 1. Let us now suppose 
the pole to be placed on the curve. 
Its co-ordinates will then satisfy the 
equation of the curve, and give 

V — 2pa = 0. 

The polar equation will then re- 
duce to. 
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. sin't; + 2(6 sin v — /) cos v)r = 0, 

or by dividing by that value of r which is 0, we have, 

r sin'u +2(6 sin v — p cos v) = 0. 

If now, we make the second value of r equal to 0, the 
radius-vector will become tangent to the curve, and the 
equation will give 

tangi; = -^; 

the same value for the tangent of the angle formed by the 
tangent and axis, as was found in Prop. II. 

Scholium 2. Let the pole be now 
placed at the focus of the parabola, 
the co-ordinates of which are 

a = and 6 = 0. 
2 

Under this supposition the general 
polar equation becomes 

sin'i; — 2p cos v.r =p*. 
Finding the values of r from this equation, we obtain 
j?(cost;+1) ^ p(cos^-~l) 




sin*i; 



The second value of r is negative for all values oiv. For, 
cos V is less than 1, and the denominator is positive, being a 
square : hence, this value is to be rejected. 

The first value, on the contrary, is positive for all values of 
i;, since the numerator and 'denominator are both positive. 
By substituting for sin^v, 1 — cos'i;, this value may be 
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put under the fonn 

p{cosv + l) 



(1 + cos «)(! — cost;)' 



or, r=~P 



1 — cos V 

bi this equation, as well as in the corresponding equation 
of the ellipse which is expressed under a similar form 
(Bk. IV, Prop. XII, Sch. 4), the values of r begin at the 
remote vertex, that is, in the case of the parabola, at ap 
infinite distance from the focus. 

If we make t; = : we have 

r = ^ = oo. 

If we make v = 90°, we have 
r=p, 

that is, half the parameter. 
If we make v — 180^, we have 

2 

Scholium 3. If it be desirable that the values of r should 
begin at the nearest vertex, make t; = 180^ — t/, and we 
shall have 

cos V = — cos t/. 
Substituting, — cos t/ for cos u, the equation becomes, 

P 



r- 



1 + cost;'' 



m which equation the values of r begin at the nearest vertex, 
and 'ncrease from the left to the right, 360^, 
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W 







Tlie area of any portion of a parabola is equal to two -thirds 
of the rectangle described on its abscissa and ordinate 

Let AMP be any segment of a ^ 
parabola. Draw the ordinate MP, 
and draw MQ parallel to AP, then 
will the curvilinear area AMP be 
two-thirds of the rectangle AQMP. 

Inscribe in the parabola any recti- 
linear polygon AM^^M^ . . . . M, and 
through the vertices M^\ M^, . . . , M, 
draw lines perpendicular and parallel to 
AP, forming the interior rectangles M^P, M'P' 
the corresponding exterior rectangles MQ, M^Ql . . 
Designate the former by P, P' P" , , , the latter by p, |/, 
ff' . ..\ and the corresppnding co-ordinates by of, y', a/', 
Sec. : we shall then have, 



and 



which gives, 



P 

P 



But, since the points, M, AF, M', ... are on the curve, 

which gives, 

a/ — a/' = ^ ^ ^ — , and 
Substituting these, values, and we obtain 



2j) 



y' + y" 
—if — 



y"'W-y") 

Applying similar reasoning to each of the rectangles, we 
shall have, 

11 
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p~ y" ' 

P' _ v"+y"' 

■pr p777— 

The inscribed polygon being entirely arbitrary, we can 
place the vertices of the angles in such a manner that the 
ordinates passing through them shall be in geometrical pro- 
gression. We shall tlien have, 

!/ : y" y" 
or, r/-f : y" ^'-tf" : f 
(Geom. Bk. II, Prop. VI); 

hence, t:z£.=yl^. 

Therefore, the difference between two successive ordinates 
divided by the less, is constant. If we designate this ratio 
by q, we shall have 

y -y" =<lf 01 xf +y" =y" (2 + 9), 
r/' - y>" = qy"' y" + y"' = y>" (2 + ql 

f- y""= qf" y""=y""{2 + q). 

Substituting these values, the ratios of the rectanglei 
P 

become, = 2 + q, 

P 

<P - . 
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But the sum of all the consequents divided by the sum of 
the antecedents will give the same ratio as either consequent 
divided by its antecedent (Geom. Bk. II, Prop. X) : hence, 

p +p' J^f j^fi &c. " "^^^ 

In this expression the numerator is equal to the sum of the 
interior rectangles, and the denominator to the sum of the 
exterior ones. 

Since q is the ratio of the difference between two succes 
sive ordinates divided by the less, if q be diminished, the 
sum of the interior rectangles will approach to the curvilinear 
area AMP^ and the sum of the exterior rectangles to 
the area AQM. If then, we pass to the limit by making 
q =0y the numerator will become the curvilinear area AMP^ 
and the denominator, the area AQM, Designating the 
fonner by jS, and the latter by 5, we have, 

s 

which gives, ~ ^ * 

2 

hence, S = — ( S + 5). 

3 

But iS + 5 is equal to the area of the rectangle APMQ^ 
therefore the area of the parabola is two-thirds of that area. 

Corollary, The exterior portion AQM is one third the 
area of the rectangle. 
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Of tlie Hyperbola. 

An hyperbola is a curve in which the difference of two 
Btraiglrt lines, drawn from any one of its points to two fixed 
points, is constantly equal to a given line. 

Thus, if F and F be the two 
fixed points, AB the given line, 
and FP—FP constantly equal 
to AB, for every position of the 
point P, PBH will be a portion 
of the hyperbola. 

If FP is greater than PPy let 
it be represented by FP^ ; and then, if FP'— PP' is con- 
stantly equal to the given line AB, the point P' will describe 
the remaining portion of the hyperbola PAH'. 

The two curves, P'AIFy HEP, are called branches of 
the hyperbola. 

The fixed points F and P, are called the foci of the 
hyperbola. Hence, each branch has two foci, one lying 
within the curve, and one without it. 

The definition of an hyperbola affords an easy method 
of describing it mechanically. 

Take a ruler, longer than the 
distance FF, and fasten one of 
its extremities at the focus P. 
At the other extremity if, attach 
a thread, of such a length, that the 
length of the ruler shall exceed 
the length of the thread by the 
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given line AB. Attach the other extremity of the thread to 
the focus F, 

Place a pencil against the thread, and press it against the 
ruler, keeping the thread constantly stretched while the ruler 
is turned around as a centre. Tlie point of the pencil 
^ill describe a branch of an hyperbola. 

For, PF+PH is equal to the length of the thread, to 
which if we add AB, we shall have the length of the ruler 
Hence, 

PP + PH=FP + PH+ AB, 

or rP^FP = AB; 

therefore, P is a point of the hyperbola. 

If one extremity of the ruler be attached to the focus F, 
the branch PAH may be described. 

PROPOSmON L PROBLEM. 
To find the equation of an hyperbola. 



Let jF and P be the foci, and 
denote the distance between them 
by 2 c. Let P be any point of 
the curve, and designate the dis- 
tance FP by r, and PP by 
and let 2 A represent the given 
line, to which the difference 
PP — PF is to be equal. 




Through C, the middle point of PF, draw CD, perpen- 
dicular to PF, and let C be the origin of a system of rect- 
angular co-ordinates, of which AB, DL/ are the axes. Let 
X and y represent the co-ordinates of the point P. 

The square of the distance between any two points of 
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which the co-ordinatea are x, y, 
and x\ is (Bk. II, Prop. 

If this line passes through the 
point Fy of wliich the co-ordinates 
are y'=0, j/=c, we shall have 

and if we pass the line through the point -P, of which the 
co-ordinates are y'= and j/= — c, we shall have 

f\P*=r'« = y« + (x+c)«. 

If we add and subtract these two equations, we obtain 

f« + f^« = 2{y« + ar« + c*), and f^«-f* = 4cx. 

But we have, from the property of the hyperbola, 

f'-r = 2A. 

Combining this with the last equation, we obtain 

1^=4 + -^, and r=— A + 

A A 

Squaring these values and substituting in the equation, ol 
which tlie first member is 7 * + r^', and there will result, 



A^ + ^^y^ + x' + t^, 



or A«(y« + x')-c^x' = A«(A«— c«), 

which is the equation of the hyperbola referred to the axes 
CBy CD. If we suppose r > r', we shall obtain an equation 
of the same form for the branch PAH!, 

The equation of the hyperbola takes the most convenient 
form when it is expressed in terms of the co-ordinates of its 
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points, and the distances which the curve cuts off from the 
co-ordinate axes. 

To place the equation under this lomi) let us make x = 0, 
this will give 

or y = =*= V A* — c* ; 

and since c is greater than A the quantity under the radical 
is essentially negative, and therefore, the value of y is ima 
ginary. 

This result shows that conditions have been introduced 
into the equation of the curve, which are incompatible with 
each other (Alg. Art. 147). The incompatible condition is, 
that which attributes to x the value 0; for this condition 
requires that the curve should have one or more of its points 
on the axis of Y, while the law by which the curve was 
described, did not permit it to fulfil that condition. 

The imaginary value of y, for a? = 0, is, however, a con- 
stant quantity, and may be introduced into the equation of 
the curve. 

Let us make 

y= =h Vil«-c«= ±5 V^ = CD or CIX, 
we shall then have 

A«-c« = -jB«, and c* = A« + B«. 

Substituting these values of c* in the equation of the curvoi 
and reducing, we obtain 

in which, if we make y = 0, we shall have 



x^dzA = CB or CA 
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Scholium 1 The point C which is equidistant from F 
and i^, is called the centre of the hyperbola. 

Eveiy straight line passing through the centre and termi- 
nating in the curve, is called a diameter. 

The diameter AB, which passes through the foci, is called 
the transverse axis: and since 2CAy or AB is equal to 
2 A, it follows, that the difference of the two lines drawn 
from any point of the curve to the two foci is equal to the 
transverse axis. 

The line DZK, which is perpendicular to the transverse 
axis at the middle point, and equal to 2B, is called the 
conjugate axis. 

In the equation of the hyperbola, 

A and B represent the semi-axes, and x and y the general 
co-ordinates of the curve. It is called, the equation of the 
hyperbola referred to its centre and axes. 

In comparing this equation with the equation of the 
ellipse, it is seen that the two are similar in every respect, 
excepting in the sign of 5*, which is minus in the hyperbola 
and plus in the ellipse. We may, therefore, pass from one 
equation to the other, by simply substituting for jB, jB-y^^^. 

Scholium 2. If in the equation of the hyperbola, 
we change y into x, and x into y, it becomes, 

or, JBy-A»j:«= A^B*. 

If in this equation we suppose a? = 0, the corresj bonding 
value of y will be real, and if we make y = 0, the corres- 
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ponding value of x will be imaginary. The transverse axis 
of the curve will then coincide with the axis of F, but its 
value will be the same as before, viz. 2 A. 

If on the conjugate axis Diy an 
hyperbola be described, correspond- 
ing to the equation 

it is said to be conjugate to the hyper- 
bola described on the transverse axis 
AB, The transverse axis of one 

hyperbola is the conjugate axis of the other, and reciprocally. 

Scholium 3. If through the centre of the hyperbola any 
line be drawn, its equation will be 
of the form 

y = ax. 

If we combine this equation with 
the equation of the hyperbola 

we shall obtain the co-ordinates of 

the points H and H\ in which the diameter intersects the 
hyperbola. 

If we designate the co-ordinates of H by a/, t/, and the 
co-ordinates of IT by a/\ i/\ we shall find, alter eliminating 




But since the co-ordinates of IF are the same as those 
of H, excepting that the signs are both negative, it follows 
•hat CH= CHy that is, every diameter of an hyperbola is 
bisected at the centre. 
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Scholium 4. If £ be made equal to A the equation 

of the Lypef *o:,la w*ll become, 

the hyperbola is tlien said to be equilateral^ which cones 
ponds to tlie case in which the ellipse becomes a circle. 

Scholium 5. By a course of reasoning similar to that 
pursued in Bk. IV, Prop. I, Sch. 6, we find the following 
analytical conditions for detennining the position of a point 
with respect to the hyperbola. 

Without the hyperbola A*/— B^a^ + A«5*> 0, 

on the hyperbola Ay — B^a^ + A*B^ = 0, 

within the hyperbola Ay — B^a^+A*B^< 0. 

Scholium 6. If we place the equation of the hyperbola 
imder the form 

we see, that every value of x, either plus or minus, which is 
less than A, will render y imaginary. 

If we make a: = ± A, y will become equal to 0, which 
shows that the curve cuts the axis of X at two points, one 
on the positive and the other on the negative side of abscissas, 
and each at a distance from the centre equal to A. 

Every value of a?, either plus or minus, which is greater 
than A, will give two equal values of y with contrary signs; 
hence, the curve extends itself indefinitely in the direction of 
X positive and x negative, and is synmaetrical with respect 
to the transverse axis. 
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Scholium 7. If we transfer the 
origin of co-ordinates from the 
centre C to A, one extremity of 
the transverse axis, the equations 
of transformation (Bk. II, Prop. 
X) will reduce to 

a? = — A + a/, y = 



Substituting these values in the equation of the hyperbola, 
it reduces to 

Ay» - jBV« + 2 J5Ma/= ; 
which may be put under the form 

which is the equation of the hyperbola referred to the vertex 
A as an origin of co-ordinates. 

If we refer it to the vertex B, as an origin, the equation 
will become 

Scholium 8. The property, that the difference of the two 
lines drawn from any point of the curve to the foci, is equal 
to the transverse axis, affords an easy method of describing 
the hyperbola by points, when the transverse axis and the 
foci are known. 

Let AB be the transverse axis 
of an hyperbola, and F and F 
the foci. 

From the focus P lay off a 
distance FN equal to the trans- 
verse axis, and take any other dis- 
tance, as F Hy greater than FB, 
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With P as a centre, and FH 
as a radius, describe the arc of a 
circle. Then, with F as a centre, 
and HN as a radius, describe an 
arc intersecting the arc before de- 
scribed at p and 9, and they will 
be points of the hyperbola. 

If with F as a centre, and FH as a radius, an arc be 
described, and a second arc be described with J*^ as a centre 
and HN as a radius, two points in the other branch of the 
curve will be determined. 

Scholium 9. The property, that the square of the distance 
from the centre to cither focus is equal to the sum of the 
squares of the semi-axes, affords an easy construction for the 
foci when the axes are known. 

For, from the vertex draw 
BH perpendicular to AB, and 
make it equal to the semi-conju- 
gate axis. Join // and the centre 
C. Then, with C as a centre and 
CH as a radius, describe a semi- 
circumference, intersecting AB 

produced in F and F^ and these points will be the foci. 

.J 

PROPOSITION II. THEOREM. 




The squares of the ordinates are to each other^ as tJte 
rectangles of the segments from the foot of each ordinate 
respectively, to the vertices of the transverse acvis. 

The equation of the hyperbola HBP referred to the 
vertex B (Prop. I, Sch. 7), is, 
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If we do^signate a particular 
ordinate by and its abscissa 
by a/, and a second ordinate Ijy 
t/^ and its abscissa by a/', we 
shall have, 

j/^=^-{2Aa/ + a/'), and /'« = ^(2Aa/' + a/^»). 
Dividing one equation by the other, we obtain, 



{2A-\-a/)a/ 



or. 



j/^ : :: {2A + a/)a/ : {2A + a/')a/\ 

In which it is evident that the segments, are i 
2 A + a/, a/, and 2 A + a/\ a/' f 
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If through the vertices of the transverse cans two supple- 
mentary chords be draivriy the product of the tangents of the 
angles which they form with ity on the same side, will be equal 
to the square of the ratio of the semi-axes. 

The equation of the chords will 
be of the form, 

y = a'(a? + i4), 

y = a {x — A). 
Combining them, we obtain, 

y^ = aa'{x^-A''). 
Combining this with the equation of the hyperbola 
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there are two undetermined quantities a and of : hence, an 
infinite number of supplementary chords may be drawn 
through the extremities of the diameter AB, 

If, however, a value be assigned to a or a\ that is, if one 
of the supplementary chords be given in position, the equation 
of condition will determine tlie direction of the other, and 
therefore, the corresponding supplementary chord will also 
be known. 

Scholium 2. If the chords are drawn to a point P in the 
branch HBP, the tangents a and will be both positive ; 
if drawn to a point in the other branch, they will both be 
negative. 

Scholium 3. If the hyperbola is equilateral, A — B^ and 
there will result, 

aa' = 1, 

which shows, that the sum of the two acute angles formed by 
the supplementary chords with the transverse aads^ on the 
same side, is equal to 90°. 

PROPOSITION IV. PROBLEM. 

To find the equation of a straight line which shall be tangent 
to jn hyperbola. 
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The equation of the hyperbola is 
Ay - J5 V = - A^B^. \^ 

Take any point of the curve, 
as P, and designate its co- 
ordinates by a/^, y'', and as- 
sume also a second point of 
the curve, and represent its 
co-ordinates by a/, y. 

The equation of a straight line passing through these two 
points (Bk. II, Prop. V), is 

But since the two assumed points belong to tlie hyperbola, 
vre have the equations 

Ay _ jBV» = - A*B*. 
By siibtracting the second equation from the first, we obtain 
A* _ y») _ ^» (a/'» - a/») = 0, 
«r A«(y"+ t/)W'- -5»(a/'+ a/){a/'- a/) = : 

whence, 



y"-y' _ B'{a/'+a/) 
a/' -a/ ~ A\y"-[-y')' 



Substituting this value in the equation of the secant line, 
it becomes 



If we now suppose the co-ordinates of the two points to 
become equal, the points will unite, and the secant line will 
become tangent to the curve. This supposition will reduce 
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the cq'oati'.n to 

^ ^ ^ Ay 

or A^/'- j&^j^r^'^ — A«5*, 

which is the equitisn of a li^ reu line to ihe hjrpeibola 

SchoU m 1. Tl.ii ^r.ctLc^i cf determining the equation 
of a tar.:^::.t, ir. iv I'C employed in finding the equation of a 
tangent to t!ie circle, the ellipse, or the parabola. 

SchAium 2, If in the 
equation of the tangent 

we make y = 0, we shall 
have, 

A* 

Subtracting this from CR = and we obtaim 

which is the value of the subtangent. 

PROPOSITION V. PROBLEM. 
To find the equation of a normal line to the hyperbola. 

Since the normal passes 
through the point of tangency 
its equation will be of the 
form, 

and since it is perpendicular 
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to the tangent, we shall have, 

ca' + l=0. 

But we have already founds 
_ S» 

hence, d^-^^. 

Substituting this value, and the equation of the normal will 
become. 

Scliolium. To find the point in which the normaLmter* 
sects the axis of X make y = 0, and we have, 

A* 

and by subtracting a/^, we find the subnormal 
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one of the supplementary chords of an hyperbola is 
allelto a tangent line to the curve^ the other will be pa^ 
allel to the diameter which passes through the point of con 
tact : and conversely, 

If one of the chords be parallel to the diameter which passes 
through the point of contact, the other will be parallel to the 
tangent line 

. The equation of a line passmg through the centre of lb«* 
hyperbola, is of the form 

12 ^ 
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The condition of its passing 
through the point of contact, will 
give 



whence, 




But we have found for the tangent of the angle, which the 
tangent line makes with the transverse axis, 



a = 



AY 

Multiplying the members of these equations together mtc 
obtain 

By comparing this equation with the equation in Prop. Ill, 
we sec, that the product of the tangents of the angles whicu 
the diameter and tangent make with the transverse axis, is 
equal to the product of the tangents of the angles which the 
supplementary chords form with the axis. Hence, if in these 
equations we make 

a = a. 



we shall have. 



af=ar; 



that IS, if one of the chords is parallel to the tangent, the 
olner will be parallel to the diameter passing through the 
point of contact. Or, if we make 



we shall have, 



a = a; 







ttmt is, if one of the chords be made parallel to the diameter, 
the other will be parallel to the tangent. 
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Scholium. These properties afford an easy method of 
drawing a tangent line to an hyperbola at a given point of 
the curve. 



Let C be the centre of the 
hyperbola, AB its transverse axis, 
and P the given point of the curve 
at which the tangent is to be drawn. 

Through P draw the semi-di- 
ameter PC, and through A draw 
the supplementary chord AH par- 




allel to it. Then draw the other supplementary chord BH^ 
and through P, draw PT parallel to BH; then will PT 
be the tangent required. 

In a similar manner, a line might be drawn tangent to the 
curve, and parallel to a given line. 

V PROPOSITION Vn. THEOREM. 



If a line he drawn tangent to an hyperbola at any pointy and 
two lines he drawn from the same point to the foci^ the lines 
drawn to the foci will make equal angles with the tangent. 



Let C be the centre of 
the hj^perbolajPT the tan- 
gent line, and PF, PF, 
the two lines drawn to the 
foci. 

Denote the distance 




CF=V1^T~B^ by c, 
CF by — c, the angle FPT by v, and .the tangents of the 
angles PFX, PTX, by a' and a. We shall then have 
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Bui the equation of FP 
passing through two points, 
of which the co-ordinates 
are a/=Cy y'=0, and 
!/', is 




hence, 
We also have 



Pa/' 



Substituting these values, and recollecting that, 



we find 



tang t;: 



If we designate the angle PPT by t/, and the tangent 
of pre by of, we shall have 

/ • a — a! 



which reduces to 



EL 



therefore, the tangent line bisects the angle PPF. 

Corollary. The normal line PiV, bisects the outward 
angle FPHy formed by the two lines drawn to the foci. 

Scholium 1. The relation between the angles formed by 
the tangent line, and the lines drawn to the foci, enables us 
to draw a tangent to the curve at a given point. 
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Let P be the given point. From P draw PF, PP to the 
foci. Lay off on PP, PG = PF, and draw FG. From 
Py draw PT perpendicular to FG, and it will be tangent 
to the hyperbola at P, since it bisects the angle PPF. 

Scholium 2. The same properties also enable us to draw 
a tangent to the hyperbola through a given point without the 
curve. 

Let H be the given point. 
With this point as a centre, 
and HF as a radius, de- 
scribe the arc of a circle. 
With jP as a centre, and a 
radius equal to the transverse 
axis, describe the arc of a 
circle intersecting the for- 
mer at G and G\ Draw PG, cutting the curve in P. 
Through P draw HPT, and it will be tangent to the hyper- 
bola at P. 

For, if we draw HF, HG, we shall have HF=HG by 
construction ; and since P is a point of the hyperbola, and 
PG equal to the transverse axis, we shall have PF= PG: 
hence, PT* is perpendicular to FG ; and since the triangle 
FGP is isosceles, PT will bisect the angle PPF, and will 
therefore be tangent to the hyperbola. 

Scholium 3. The two arcs described with the centres 
P and H, intersect each other in two points, G and & ; 
a line may, therefore, be drawn through P, and either of 
these points, thus giving two points of tangency. 

It may also be shown analytically, that two tangent lines 
can be drawn to the hyperbola from a given point without 
the curve. 

For, if the tangent pass through a given point, of which 
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the co-ordinates are af^ t/^ its equation will become 

and tlie equation of the hyperbola for the point of tangency 
becomes. 

In these two equations all the quantities are known, except 
y^'f which may therefore be found ; and since the equa 
lion of the tangent is of the first degree, with respect to a/' 
and y'^ the equation which results from their combination 
will be of the second degree, and will therefore give two 
values for a/' and two values for y'', which values will be 
real if the given point lies without the curve. 

Of the Hyperbola referred to its Conjugate Diameters. 

1 . Two diameters of an hyperbola are said to be conjugate 
to each other, when either of them is parallel to the two tan- 
gent lines which may be drawn through the vertices of the 
other. 

2. Since two supplementary chords may always be drawn 
respectively parallel to a diameter and tlie tangent lines 
through its vertices, it follows, that two supplementary chords 
may always be drawn, respectively parallel to two conju- 
gate diameters. 

If, therefore, we designate the tangents of the angles which 
two conjugate diameters make with the transverse axis, by 
a and a', these tangents must satisfy the equation 

auf = ^ . 



Let us designate the corresponding angles by • and «' 
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We shall then have 

"^cos** cos*/* 

Substituting these values in the last equation, and reducing, 
we obtain 

A? sin « sin cos • cos tif 

which expresses the relation between the angles which two 
conjugate diameters form with the transverse axis. 

3. It may be easily shown here, as in the eUipse, that the 
axes of the curve are conjugate diameters ; and also, that they 
are the only conjugate diameters which are at right angles to 
each other 

PROPOSITION VIIL PROBLEM. 

To find the equation of the hyperbola referred to its centre 
and conjugate diameters. 

The equation of the hyperbola referred its centre and axes, is 

The formulas for passing from rectangular to oblique co- 
ordinates, the origin remaining the same, are 

x = a/ cos • + cos y = a/ sin • + y' sin 

Squaring these values of x and y, and substituting in the 
equation of the hyperbola, we have. 

(A« sinV- jB«cosVy«+(A» sin»«-B» cos»«)a/^ > - ^ J^T?* 
+ 2 ( sin * sin J5» cos « cos «')a/y' J ^ ^ * 

But the condition that the new axes shall be conjugate 
diameters, gives 

A* sin « sin — jB* cos « cos «^ = ; 
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hence, the equation reduces to 

(A« sinV- jB« cosV)y«+ (A*8in«« -S*cos«*)a/*= ^A^&. 

If we suppose in succession, y'= 0, a/= 0, and represent 
by A' and B' the corresponding abscissa and ordinate, we find 



' A« sin«« - cos«« ' A« sinV - B^ cos V 

If we suppose the semi-diameter A' to be real, we shall 
haye 

A* 8in"« < JB* cos*«, or tang « < — . 

A 

But, tang « tang «' = ; hence, 

tang *'> -T-j or A* 8inV> cosV ; 

A 

hence, B'* will be negative. 

The supposition, therefore, which renders A'* positive, or 
A' real, gives B'^ negative, or jB' imaginary. Attributing 
to B'* its proper sign, we have 

A^ sin«« - jB» cos^* A» sin V - jB« cos V ' 

Finding the values of the denominators in these equations, 
and substituting these values in the general equation, and 
reducing, we obtain 

A'y8-S^V«=-A^«S^ 

or, omitting the accents of a/ and y', since they are genera] 
variables, we obtain 

A'y-5''^ = -A''5^ 

for the equation of the hyperbola, referred to its centre and 
conjugate diameters. 
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We have already seen 
vProp. I), that when the trans- 
verse axis AB is real, the con- 
jugate axis DU will be ima- 
ginary, and reciprocally: that 
is, the two axes will not in- 
tersect the same hyperbola. 
The last proposition proves 
the same property for any two conjugate diameters. 

If then, 2A^ designates the diameter H/H, 2B^ will de- 
signate the diameter &G terminating in the conjugate hyper- 
bola ; and each will be parallel to the two tangent line* drawn 
through the vertices of the other. 

If were made real, would be imaginary, and the 
equation would represent the curves FDGy 

Scholium 1. The equation of the hyperbola, referred to 
its centre and conjugate diameters, being of the same form 
as when referred to its centre and axes, it follows that every 
value of X will give two values of y with contrary signs ; 
or if B^ were real, every value of y would give two equal 
values of x with contrary signs : hence, each hyperbola is 
symmetrical with respect to the diameter which it intersects : 
that is, either diameter will bisect all chords drawn parallel 
to the other and terminated by the curve. 

Scholium 2. If the curve of an hyperbola be traced on a 
plane the centre and axes are found in a manner entirely 
similar to that pursued in (Bk. IV, Prop. IX, Sch. 2). 

Scholium 3. It may also be readily shown that the 
squares of the ordinates to either diameter, are proportional to 
the rectangles of the corresponding segments from the foot of 
the ordinates respectively, to the vertices of the diameter. 

Scholivm 4. The parameter of any diameter is a third 
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proporl lonal to the diameter and its conjugate Thus, if ^ 
designate the parameter of the diameter 2A% we shall have. 



2B' : 
P = 



: 2B' 
25" 



or. 



A 
2A^ 



Scholium 5. The parameter of the transverse axis is 
equal to 

and of the conjugate axis to 

It may be easily shown that tlie chord drawn through the 
focus and perpendicular to the transverse axis, is equal to the 
parameter of that axis. 

Scholium 6. If through the extremities of any diameter 
two supplementary chords be drawn, they will enjoy analogous 
properties to those drawn through the vertices of the trans- 
verse axis. 

Let AB be any diameter 
and designate it by 2A'. Let 
the axis of X coincide with 
this diameter, and the axis of 
Y with the conjugate diame- 
ter DD'. Designate the an- 
gle DCB by iS. Then, if 
through B whose co-ordinates 
are y' = 0, and cc/ = A\ a 
right line be drawn, making with AB an angle equal to « 
its equation will be of the form, 




y = a(a? — A) 



sm » 



8in(ia--«)* 

If through A whose co-ordinates are ^ = 0, a/= A 
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a second right line be drawn, making with AB an angle 
we shall ha^e. 

Combining these equations with each other and with the 
equation of the hyperbola, we obtain 

A'^ aaf - B'^ = 0, or, aa' = 

A 

for the equation of condition when the lines are supple- 
mentary chords. 

Scholium 7. If it be required to draw a tangent line to the 
curve at any point of which the co-ordinates are a/\ xjf\ we 
must combine the three equations (Prop. IV), 

which will give for the equation of the tangent, 

Scholiu?n 8. If through the centre of the hyperbola and 
the point of contact a diameter be drawn, its equation will be 



But 



a = 



5/t 

Hence, •^=t7«* 



B'* 
A^' 
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Comparing this with the equation of condition of supple- 
mentary chords, we see, that tioo supplementary chords may 
always be drawn respectively parallel to a diameter and a 
tangent line through its vertex. 

Scholium 9. If we resume the equation of the hyperbola 
referred to its centre and conjugate diameters, which is 

and then refer it to its centre and axes, and compare the 
coefficients with those of the known equation, 

we shall obtain after adding two of the equations as in (Bk. 

TV, Prop. XI), 

i4'S'sinK-«) = A5. (1) 
^/2_5/2 =A^-B\ (2); 

or, these equations may be obtained directly from the cor- 
responding equations of the ellipse by substituting for 

jB, jB/^=T7 and for B',B'^/^^ 

Scholium 10. The first of these equations shows, that 
the parallelogram formed by drawing tangent lines through 
the vertices of conjugate diameters^ is equivalent to the rect- 
angle formed by drawing tangent lines through the vertices 
of the axes. 

Having formed the paral- 
lelogram and rectangle, draw 
from G a perpendicular to 
CH ; this perpendicular will 
be equal to sin («' — «). 
Hence, the area of the paral- 
lelogram CGPH is equal 
to A'jB' sin = AT? 
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therefore the whole parallelogram is equivalent to the whole 
rectangle. 

Scholium 11. The second equation, 

5^«= 

or, 4A'« 4S^« = 4A« - 4S», 

expresses that, the difference of the squares of two conjugate 
diameters is equal to the difference of the squares of the axes. 

Hence, there can be no equal conjugate diameters unless 
A = B, in which case the hyperbola is equilateral, and then, 
every diameter will be equal to its conjugate. 



Of the Hyperbola referred to its Asymptotes. 

If the diagonals of the rectangle described on the axes ol 
the hyperbola be indefinitely produced in both directions, the 
lines so drawn are called asymptotes of the hyperbola. 

Thus, HH, &G, are G 
asymptotes of the hyper- 
bola whose transverse axis 
is ABy and also of the conju- 
gate hyperbola whose trans- 
verse axis is Diy. 

If we designate the angle 
estimated from CB around 
to CG^ by «, or do what is ri' 
equivalent to it, designate the angle BC& by — «, and also 
represent the angle BCH by we shall have. 




or 



or 



tang«=-— , 
A« sin'« - 5» cos«^ = 0, 



tang * 

B^ 

tang»«'=-^, 



A* sinV - 



J5' cosV=:0, 
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which are the two equations expressing the relations between 
the angles which the asymptotes form with the transverse axis. 
These equations may be placed under the forms, 

sin « = — , sm «r =- 



± A , dbA 

cos ct = =, cos «r : 



by substituting for cos', 1 — sin*, and for sin', 1 — cos*. 

If A = jB, the hyperbola is equilateral, and we shall then 
have, 

sin « = — cos «, and sin = cos 

which indicates that the asymptotes lie on different sides ol 
the transverse axis, and make angles of 45° with it. Hence, 
In the equilateral hyperbola the asymptotes are at right 
angles to each other. 

PROPOSITION IX. PROBLEM. 

To find the equation of the hyperbola referred to its centre 
and asymptotes. 

The equation of the hyperbola referred to its centre and 
axes is, 

Ay-B*a:*=-A*S«. 

The formulas for passing from rectangular to oblique co- 
ordinates, the origin remaining the same, are 

a? = a/ cos « + cos y = a/ sin « + sin 

Substituting these values and reducing, we obtain 

(A«sinV-jB'cosV)i/«+(A«sin'«-jB«cos«y > jam 
-r 2(A' sin « sin — jB' cos « cos «>')cc^^/ S ~ 
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The equations of condition reduce the coefficients of 
a/*, and x/^ to 0, and that of aiyf to 



hence, the equation of the hyperbola referred to its asymptotes 
- becomes 

or by putting M for — ^ , and omitting the accents 

Scholium 1. The curve of the hyperbola continually ap- 
proaches the asymptotes^ and becomes tangent to them at an 
infinite distance from the centre. 

For, the equation of the hyperbola referred to its asymp- 
totes gives 

M 

Now, since M is constant, if x increases continually y 
will diminish, and if x becomes infinite, y will become : 
hence, the hyperbola continually approaches the asymptote, 
and as y cannot become negative so long as x is positive, it 
follows that the curve will touch the asymptote wheh y is 0. 
The same might be shown with respect to the axis of Y. 

Scholium 2. It may also be easily shown, that the asymp- 
totes are the limits of all straight lines drawn tangent to the 
hyperbola. 

The equation of the tangent, referred to the axes, is 
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If we make y = 0, we find 

which is tlie distance from the cenlre to the point in which 
the tangent intersects the transverse axis. 

If now, oJ' be made infinite, x will be equal to 0, that is, 
the tangent line will pass through the centre, and since both 
the tangent and asymptote touch the curve at a point infi- 
nitely distant from the centre, they will coincide. 

If lines be drawn through 
the vertices of the axes; they 
will form the rhombus AiyBD. 
The diagonals CP, CQ, of the • 
rectangles described on the 
semi-axes, are equal to each 
other, and each is equal to 
V + B^. But these diago- 
nals are also equal to BD, BU, and each pair of the 
equal diagonals mutually bisect each other at H and N, 

Hence, CH=]-^/A^ + B\ and CN^^VaT^; 

A^-\- B^ 

therefore, - CH x CN = — - — = ay. 

If we designate the angle included between the asymptotes 
by jS, we shall have 

CH X CN sin fi = xy sin ; 

the first member of the equation is equal to the rhombus 
CHBN, and the second, to any parallelogram, as CQMK, 
the sides of which are x and y ; that is. 

The rhombus described on the abscissa and ordinate of the 
vertex of the hyperbola^ is equivalent to the parallelogram de- 
scribed on the abscissa and ordinate of any point of the curve. 
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Scholium 3. The rhombus CHBNy described on the 
abscissa and ordinate of the vertex of the hyperbola, is called 
the power of the hyperbola. 

Scholium 4. The rhombus AUBD is equal to one-half 
of the rectangle described on the axes of the hyperbola. But 
the power is equal to one-fourth of this rhombus ; hence, the 
power of an hyperbola is equal to one-eighth of the rectangle 
described on the axes. 

PROPOSITION X. PROBLEM. 

To find the equation of a tangent line to an hyperbola 
referred to its centre and asymptotes. 

Let P be the point at which the tangent is to be drawn. 
Designate its co-ordinates by a/\ y[' , The equation of a 
line passing through this point is of the form 

and it is required to find a when the line becomes tangent to 
the curve. 

The equation of the h3rperbola referred to its asyniptotes. is 
xy=iM; 
and smce P is on the curve. 

Subtracting the last equa- 
tion from the preceding, we 
obtain 

xy — a/y^ = 0, 
wLch may be put under the form 
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Combining this with the equation of the secant line, and 
we obtain 

ax{x - a/0 + j/'{x af') = 0, 



or 



This equation will be satisfied by making x = a/', which 
will give y = and this will designate the first point P, in 
which the secant cuts the curve. The abscissa of the second 
point P' will be 

a 

If we make the second point coincide with the first, we 
shall again have x = a/', and y = ^ , and this will give 

Substituting this value, and we have 

which is the equation of the tangent line HT. 
Scholium 1. If in the equation of the tangent 

we make y = 0, we find 

CT=x = 2x^\ 
or x--iJ''=ztx!' . 

But a? — a/' is equal to the sub-tangent QT: hence, the 
sub-tangent referred to the asymptotes, is equal to 'the 
abscissa of the point of tangency. 
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Scholium 2. Since CQ is equal to QT, it follows, from 
similar triangles, that TP is equal to PH : hence, 

If at any point of an hyperbola a line be drawn tangent to 
the curve, the part of the tangent intercepted by the asymp* 
totes will be bisected at the point of tangency. 

Scholium 3. If in the equation of the secant NM, which is 

we make y = 0, we shall have x = CNj and 

a 

But in determining the equation of the tangent, we found 

a 

hence, NQ = CQ\ 

If then, P^R be drawn parallel to the asymptote CT^ the 
triangles iVPQ, P^RM will be similar : and since the bases 
NQ, P'R are equal, PN will be equal to P^M. Hence, 

If a line be drawn meeting the asymptotes and cutting the 
hyperbola in two points, the distance from either of the points 
to one of the asymptotes will be equal to the distance from 
the other point to the other asymptote. 

Scholium 4. The last property affords an easy method 
of describing an hyperbola by points, when the asymptotes 
and one point of the curve are known. 

13* 



c 
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Let CT, CM, be the 
asymptotes of a liypcrboia, 
and P a point of tlie ciirve* 

Through P draw any right 
line, as NPM, cutting the 
asymptotes ia N and M. 

Take tlie distance PNy 
which is known, and lay it 

oflf from M to ; then will 2» 
be a point of the curve. In a similar manner any number 
of points may be found. 




PROPOSITION XI. THEOREM. 

If a tangent line be drawn to the hyperbola, and limited 
by the asymptotes, it will be equal to the conjugate of the 
diameter which passes through the point of contact. 

Let TM be the tangent line 
touching the hyperbola at P. 

Through P draw the semi- 
diameter CP, Denote the 
semi-diameter CP by A\ and 
the angle MCT, formed by 
the asymptotes, by /3. 

The two triangles, CPQ, 
QPT, will then give (Trig. Th. IV), 

Cp=x^ -f + 2xy cos jS, 

TP^=x^ + y' — 2a:y cos /3. 
Hence, - CP'- PT'= 4a7y cos /3. 
But, since the angle MCX=z XCT, we have fiz=z2t^' 
hence cos & = cos'*' - sinV (Trig. Art. XX). 
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But the equations of condition give. 



cosr»= . , and sin*« = 



hence, 



A^ + B'' A^ + B*' 



cos p = - 



The equation of the hyperbola, referred to its asymptotes, 
also gives 

hence, CP'-Pr*=ii«-£«, 



or 



Now, it has already been proved, that the difference of the 
squares of the two conjugate diameters is equal to the differ- 
ence of the squares of the axes (Prop. VIII, Sch. 11). 

But A and jB are the semi-axes, and A^ is a semi-diameter: 
hence, PT must be equal to the semi-conjugate ; and there- 
fore the tangent TM is equal to the diameter which is con- 
jugate to CP. 

Scholium, Let ffH, &G 
be two conjugate diameters, 
and through their vertices let 
tangent hnes be drawn, form- 
ing a parallelogram. 

Then, since the tangents 
lyDy NN\ are equal and par- 
allel to the diameter &Gy 
and the tangents ND, N^jy equal and parallel to JETff, the 
vertices of the parallelogram will fall on the asymptotes. 

Hence, the asymptotes are the diagonals of all the paral- 
lelograms which can be formed by drawing tangent lines 
through the vertices of conjugate diameters. 




198 



ANALYTICAL GEOMETRY. 



Of the Polar Equation of the Hyperbola. 

PROPOSITION XIL PROBLEM. 

To find the general polar equation of the hyperbola. 

If we designate the co-or- 
dinates of the pole P by a and 
6, and estimate the angles t; 
from the line PX^ parallel to 
the transverse axis, v/e shall 
have the following formulas 
for passing from rectangular 
to polar co-pordinates : viz., 

J? = a + r cos v, y=:b + rsiav. 
If we substitute these values of x and y, in 

the equation of the hyperbola referred to its centre and axes, 
we shall obtain 




A* sin'v 
- JS« cos^v 



+ 2 A«6 sin v\r + A^b* - jB^a« = - A»jB«, 
— 2B^a cosv I 



which is the general polar equation of the hyperbola. 

Scholium 1. The discussion of the cases in which the 
pole is placed on the curve, or at the centre, being entirely 
similar to the corresponding cases of the ellipse, we shall 
only discuss the equation under the supposition of the pole 
being placed at either of the foci. 

If the pole be placed at the focus on the positive side oi 
abscissas, of which the co-ordinates are 



a = + 6 = 0. 
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cht polar equation will become 

(A^ sin^i; — co.s*i;)r« — 2jB*a cos v . r = B*. 

If we now resolve the equation with reference to r, and 
treat the two roots as in Bk. IV, Prop. XII, Sch. 3, we shall 
find the two values 

r— -^'(^ v + A) ^_ B^{a cos v^A) 

"~ A' sin'i; — ■ B^ cos^v ' A* sin^i; — B^ cos'v * 

which, by changing the form of the denominator, and striking 
out the common factors, reduce to 



r = 



A --a cos V ' 



r = 



B^ 



A + a cos V * 



Let us now discuss the first 
value : that is. 



r = 



B^ 



A — a cos V 




If we make t; = 0, we have, 
cos t; = 1, and 



A — ■ a' 

But a = V A^ + B^ ; therefore the denominator will be 
negative, and consequently the value of r will be negati/e : 
hence there will be no point of the curve for the value of 
t; = 0. 

The value of r will continue negative for all values of t 
which give 

a cos u > A, 

and ic will be positive for all values of v which give 
a cos v < A. 
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The positive values of r G 
U therefo 
point ^here 



will therefore begin at the 



or vf here cosv = - 



A = a cos V, 
A 

and for that value of v the G' ' 
radius-vector will be infinite. 

The cosine of the angle NCB formed by the asymptote with 
the transverse axis is equal to CB divided by CN ; that is, to 

A 




Hence, when the radius-vector through jF becomes parallel to 
the asymptote CN, it will be positive and infinite, and will de- 
termine that point of the curve at which the asymptote is tangent. 
For all values of v, of which the cosine is less than 

A 

or ol which the cosine is negative, r will be positive, and 
will therefore give points of the curve. 

When the value of v is such that the radius-vector through 
F becomes parallel to the asymptote CM, we shall again have, 

A 



cos V = • 



hence, r will again become infinite ; and from this value of i; 
to u = 360^, the value of r will be negative The first 
value of r will therefore give all the points of the branch 
ITBH of the hyperbola. 
Let us now discuss the second value : viz. 
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This value of r can only be positire when the denomi 
uator is negative, which requires that we should have, 

A < — a cos V. 

Tf then we make 

— a cos t; = A, 



or, 



we shall find the limit of the values of v which can render i 
positive.. For this value of v the radius-vector through F 
is parallel to the asymptote CM ^ and infinite ; and there- 
fore determines the point at which the asymptote is tangent 
to the branch & AG, The value of r will then continue 
positive until the radius-vector becomes parallel to the asymp- 
tote CN^, when it again becomes infinite and then negative. 
The second value of r, therefore, determines the branch 
&AG, The first value therefore answers to the case in 
which the pole is placed at the focus within the curve, and 
the second, to that in which it is placed at the focus without 
the curve. The tiao together give positive values of r for 
an angular space of 360°. 

Scholium 2. If, as in the ellipse, we make 
a v^AMTB^ 

we shall have, for the polar equation when the pole is withm 
the curve 

r = -— -y 

1 —e cost; 

and for the polar equation when the pole is without the curve 

r = H ^ 

1 -h e cos V 

in both of which equations the numerator is equal to half the 
parameter of the transverse axis. 
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General Scholium. 

1. W€ have seen (Bk. IV, Prop. I, Sch. 8), that if the 
origin of co-ordinates be placed at the vertex of the transverse 
axis, the equation of the ellipse will be 

the equation of the parabola for a similar position of the 
origin (Bk. V, Prop. 1), is 

and for that of the hyperbola (Prop. I, Sch. 7), 

y»=^(2Aa? + a:«). 

These equations may all be put under the form 
y* = mx + na^^ 

m which m is the parameter of the curve, and n the square of 
the ratio of the semi-axes. In the ellipse n is negative ; Id 
the hyperbola it is positive, and in the parabola it is 0. 

2. The curves whose properties have been discussed in the 
three last books are precisely those which are obtained by in 
tersecting the surface of a cone by planes, as is shown in (Bk. 
IX, Art. 21). For this reason they are called Conic Sections, 

3. There is a general property of these curves too important 
not to be particularly noted. It is this : If the pole be placed 
at thefocusj the radius-vector will always be expressed ration- 
ally in terms of the abscissa of the point in which it intersects 
the curve. 

In page 97, we have, for the ellipse 

r' = A + ^ and r = A — 

A A 

In page 141, we have, for the parabola 

FP = r = -^+x. 

In page 166, we have, for the hyperbola 

r'=A-f— and r=:— A+— , 

m all of which, the .value of r is expressed rationally in x. It 
can be rigorously proved that the focus is the onfy point in 
^he plane of the curve which enjoys this property. 
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BOOK VII. 

Discussion of the General Equation of the second 
degree between two Variables. 

1. It has been shown that every equation of the first 
degree, between two variables, is the equation of a straight 
line (Bk. II, Prop. II). 

We have also seen, that the equation of the circle, the 
equation of the ellipse, the equation of the parabola and the 
equation of the hyperbola, are all of the second degree ; and 
analogy might lead us to infer, that every equation of the 
second degree between tioo variableSy must represent one or 
the other of these curves. This is what we now propose to 
prove rigorously. 

The general equation of the second degree between two 
variables, is 

Ai/ + Bxy + Ca?' + Dy -H + F = 0, 

which contains the first and second powers of each variable, 
their product, and an absolute term F. 

The coefficients, id, jB, C, D, E, and F, are entirely 
independent of the variables y and a?, and values may be 
assigned to them at pleasure ; but when once assigned, those 
values remain constant throughout the same discussion. 

These coefficients are called constants; but this by no 
means implies that they always retain the same value, for 
indeed, the discussion of the equation consists in tracing out 
all the changes to which it is subjected, by the different sup- 
positions which can be made on the absolute and relative 
values of these coefficients. 
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2. Let us suppose, in the first place, that the co-ordinate 
axes are rectangular. This supposition will- not render the 
discussion and the results less general. For, if the co-ordi- 
nate axes were oblique, we might readily pass to a system 
of rectangular co-oidinates, without affecting the degree of 
the equation, since the equations for transformation are always 
linear, or of the first degree. 

3. Let us begin the discussion by supposing, that 

A = 0, and C=0. 

The general equation will then become 

Bxy + Dy + Ex + F=0. 

If now we refer the curve to a system of parallel axes, of 
which the co-ordinates of the new origin, with reference to 
the primitive axes, are a and 6, the formulas are (Bk. 11, 
Prop. X), 

x = a'\-ccf, t/ = b+7/. 

These values of x and y being substituted in the previous 
equation, it will become 

Ba/i/+ {Ba {Bb +E)x^+Bab +Db + Ea+F=0. 

The co-ordinates of the new origin may be regarded as 
undetermined, and such values may be attributed to them as 
shall cause the equation to take a particular form. 

Let us then make 

Ba + D=zO and Bb + E = 0, 
D E 

which gives 

and these values will reduce the equation in a?'^, to the fonn 
B^y'_^+F = 0. or ^^=^^^5 
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and since the axes are at right angles, this is the equation of 

an equilateral hyperbola referred to its centre and asymptotes, 

DE^BF . , 

IS the power. 



and of which 



To construct this equation, let 
us suppose A to be the ongia of 
the primitive axes. From A lay 
off, on the negative part of the 
axis of JST, a distance equal to 

— Lay off also on the nega- 



/ 




A'B' 



E 



tive part of the axis of - F, a distance equal to — -5-, 

B 



and 



through the points draw parallels to the axes, their point of 
intersection A', will be the new origin. 

The line drawn through the origin A', and bisecting the 
angle of the co-ordinate axes, will be the transverse axis of 
the curve. 

If we make A'B^ equal to ^ and draw B^B 

B 

parallel to the other as)rmptote, B will be the vertex of the 
transverse axis. The other vertex, J5^^ is determined in 
the same manner. 

4. Let US5 suppose that we make, at the same time, 

A = 0, i? = 0, C = 0: 
the general equation will then reduce to 

which is the equation of a straight line. 

5. These particular cases offer no difficulty, and may 
therefore be excluded from the general discussion. Let us, 
therefore, suppose that the second power of at least one of 
he variables, y for example, enters into the equation. 
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6. Resolving the general equation with reference to y 
we obtain. 

This value of y is composed of two distinct parts : the one 

and tho other the radical part of the second member. 
Since, 



1 /J3 . m B D 



is the equation of a straight line, the second member, which 
represents the first part of the general value of y, may 
easily be constructed. 

Let A be the origin of a 
system of rectangular axes. 

Lay off from A a distance 
AD, in the negative direction 
of the ordinates, equal to 



D 

and through D draw DBC^ 

making with the axis of X an angle XBC^ whose tangent 




shall be equal to — 



2 A 



The angle will be obtuse, since 



its tangent is negative. 

The ordinate of any point of this line will be that part of 
the value of y which is without the radical sign. The line 
CD has been drawn under the supposition that — ^-j, is 

essentially negative, which requires that B and A should 
have the same sign. If the coefficient of x were positive the 
''le XBC should be made acute. 
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if now wc lay off from the origin A any abscissa, as AP, 
and designate it by a?, we shall have PP^ for that part of the 
corresponding value of y which is without the radical. For, 
from the equation 

^ iBx D 

it x = APj we shall have y = PP\ 

If we now lay off from the plus value of the radical 
from P^ to M, above CP\ and the minus value from P' 
to ikT, below CP\ PM will represent one value of y, and 
PAT the other. The corresponding values of the ordinates 
may be determined in a similar manner for any abscissa 
whatever. 

Since all the points of the curve are determined by laying 
off from the different points of CP' two equal lines in a con- 
trary direction, it follows that the curve will be symmetrical 
with respect to the line CP' : that is, CP' will bisect a sys- 
tem of parallel chords which terminate in the curve : hence, 
CP' is a diameter. And generally, if an equation of the 
second degree between two variables be resolved with refer- 
ence to one of the variables, the first member, together with 
that part of the second member which is independent of the 
radical, xoill be the equation of a diameter of the curve. 

7. Since the curve is symmetrical with respect to the 
diameter CP', its equation may be simplified by referring it 
to this line as an axis of abscissas. The origin of co-ordinates 
will then be transferred to D, and the new ordinates y' will 
be estimated from CP', and parallel to the primitive axis Y 
Designate by « the angle XBC : we shall have 
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and the equations for transformation will become, 

0? = — a/ cos «, y = — "^(^^ + D) + y^. 

Substituting these values for x and y in the resohed 
equation, and we obtain 

y^= {B^-4M) co8«»x'2-2 {BD-2^E) cos ctx'+ L^—iJF ; 

squaring both members, and clearing the denominator, we 
obtain 

4^y'8 = (Ba-4^C) cos««.a;'2-2(BD-2wi£) cos ti.x'+D^-iJF. 

The polynomial which forms the second member of this 
equation, may be placed under the form, 

(5«-4AC)cos»« I ^«^2 /,^^7f^,f^'^' I +D^^4AF, 
i (ij — 4AC) cos « > 

in which we see that the variable quantity within the paren- 
thesis will become a perfect square if we add, 



(i^«~4AC)»cos^«' 
We must, however, to preserve the equality, subtract 
fjg' Linco:'..! iBD-2AEY > 
which reduces to 

{BD-2AEy 
B'-iAC ' 

Making these transformations, we obtain 
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Let us now transfer the origin of co-ordinates fT'n D to 
P', making 

BD^2AE 



(B^-^AC) COS** 



If we continue the new axis of ordinates parallel to the 
primitive, and designate the co-ordinates referred to the new 
origin by a/', i/\ the equations for transformation will be, 



(i?=*-4AC) cos* 



Substituting these values, and the equation of the curve 
referred to the new system of co-ordinates, will become, 

or, 4^Y'^--(^-^-^C?)cos2«2:''2=_(j^Z:|^^% 

This equation contains but the second powers of the varia- 
bles with coefficients, and an absolute term which forms 
the second member. 

The coefficient of t/^^ is positive, and the sign of the co- 
efficient of a/'^ depends on the sign of 5' — 4 AC, since the 
cos^« is positive. 

This equation will take the form of the equation of an ellipse 
referred to its centre and conjugate diameters, when B^— A AC 
is negative : for then the essential sign of the coefficients of 
the second powers of the variables will be both positive. 

8. If we make jB = 0, and A~C, the essential sign of llie 
coefficient of a/^^ will still be positive. Under this supposition 
liie coefficients of will become equa* to each other, 

and the equation will take the form 

14 
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Hence, the equation of the circle belongs to the same 
general class with that of the ellipse, and may be derived 
from it by making particular suppositions on the values of 
the constants. This is as it should be, since the ellipse 
becomes the circle by making the axes equal to each other. 

9. If jS* — 4>iC be positive, the equation will take the 
form of the equation of a hyperbola referred to its centre 
and axes. 

10. In transferring the origin from D to P', we made 

np/_ {BD^2AE) 
~ 4 AC) cos*' 

If DP' becomes infinite, the transformation is obviously 
impossible. When this occurs, 

(5«-4AC)cos« = 0, 
which requires that 

jB«-4AC = 0, or co8« = 0. 
But we have made 

B 

tang-=-— , 



and as enters into the equation, A cannot be ; hence, 
tang « cannot be infinite ; therefore, cos • cannot be : 
hence, the supposition requires that 

5«-4AC = 0. , 

Introducing this condition into the second transformed 
equation, and it becomes 

4 AV" = - 2(J?D - 2 AE) cos «.a?'+ D« - 4 AF, 

2{BD'-2AE) ,^D«-4AjP 
or j/«= —UT' Uos^.a/+ , 

or P^+Q, 
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by representing the coefficient of a/ by P, and the absolute 
term by Q. 

If now we transfer the origin of co-ordinates in the direction 
of the negative abscissas, and to a point at a distance from the 

origin equal to , and continue the new axis of Y par 

allel to the primitive, the equations of transformation will be 

a/= - ^ + and y'= y''. 

Substituting these values and the equation reduces to 

which is the equation of the parabola referred to a sys- 
tem of co-orduiates having their origin at the vertex of a 
diameter. 

We therefore see that, by attributing proper values and 
signs to the constants, the general equation of the second 
degree may be made to represent, in succession, all the lines 
of the second order which have been discussed ; and that it 
cannot represent any others. 

We also see, that the lines of the second order are divided 
into three classes, of which the following are the analytical 
characteristics : 

For the ellipse, J?« - 4 A C < ; 

for the parabola, j5» — 4 A C = ; 

for the hyperbola, 5* - 4 A C> 0. 

We shalf discuss these classes in succcision. 

Of the Ellipse. 
J?«-4AC<0. 

11. Let us resume the value of y in the general equatioi, 
Bx+D . 1 , 

14* 
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In the first place construct 
CAf, the diameter of the curve, 
of which the equation is 



Bx + D 




Having done this, let us 
next seek the limits of the 
curve in the direction of the axis of abscissas. 

All the values of x which render the quantity under the 
radical sign positive will give real values for y, and will 
therefore correspond to points of the curve. 

The values of x which reduce the quantity under the 
radical to 0, will correspond to those points of the curve 
which fall on the diameter CM ; for such points there will 
be no values to be laid off above or below CM, 

All the values of x which make the quantity under the 
radical negative, will render y imaginary, and will therefore 
not correspond to points of the curve. 

12. In order to determine the values of a? which will satisfy 
these conditions, let us decompose the polynomial under the 
radical sign into factors : we may place it under the follow- 
ing form, 



Let us now place 



..^{BD-^ 2AE) 



= 0. 



If we designate the roots of this equation by a/, x^\ the 
value of y may be placed under the following form (Alg 
Art. 142), 



2A 
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. Hence, we see that the values of y will be imaginary or 
real, according as the product of the factors a? — a/, a: — a!\ 
is positive or negative ; and consequently, the limits of the 
curve depend on the values of a/, a/^ 

In regard to these values, there are three cases : 
1st. When the roots are real and unequal, of which the 
condition is 

{BB - 2 - {JP - 4ilC)(i)» - > 0. 

2d. When the roots are real and' equal, of which the con- 
dition is 

(jSD - 2AEf - (jS* - 44C)(i)» - 4i4F) = 0. 

3d. When the roots are both imaginary, of which the con 
dition is 

{BB - 2AEf - (jS« - 4 - 4 AF)< 0. 

1st. Whtn the roots are real and unequal. 

13. When the roots are real and unequal, all values of ar, 
greater than a/ and less than a/', will give contrary signs to 
the factors a? — a/, x — a/'; their product, (a? — a/) (a? — a/'), 
will then be negative, and as B^ — AlAC is also negative 
the quantity 

{5«-4AC)(a?-a/)(a:-a/0 

will be positive, and consequently the values of y will be real. 

If we make a? = a/, or a? = (x!\ the radical will vanish, and 
the two corresponding values of y will be the ordinates of 
the vertices of the diameter N'M!. 

If we designate AN^ the abscissa of the nearest vertex by 
a/, and AM, the abscissa of the remote vertex, by a/^ we 
shall have 

N'N = y'=-?^^, and ilfM=y"=-^^. 
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Finally, all values of x which are less than a/ and all 
values of x which are greater than a/', will render the factors 
x^a/y x-^af' of the same sign; hence, their product will 
be positive; and since JB'* — 4AC is negative, the quantity 
under the radical 

(B« - 4 AC)(a? - j/)(a? - a/') 

will be negative, and this supposition will, therefore, render 
both values of y imaginary. 

We see, therefore, from this discussion, that the curve can 
have no abscissa less than a/, nor greater than of'. Hence, 
the two ordinates NN'^ MM\ drawn through the vertices 
N\ ikT, will limit the curve in the direction of the axis of X; 
and they will also be tangent to the curve at these points, 
since they may be regarded as secants of which the two 
points of intersection have united. 

14. When the second power of x enters into the pro- 
posed equation, we may resolve it with reference to a?, and 
determine the limits of the curve in the direction of the axis 
of Y. The two lines which limit the curve in that direction, 
will be tangent to it, and parallel to the axis of X. 

15. Having found the abscissas a/, a/', of the vertices of 
the diameter N^M\ we can readily find the value of this 
diameter, and also the value of its conjugate. 



The ordinates of the vertices are 




But the length of the diameter 
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is the distance between the two points whose co^oidinatet 
are a(, i/, a/', y" : this distance is expressed by 

V(a/'-a/)« + (y"-y')». 

Substituting in this expression the value of ]f'—}jft 
we find 



a/'-a/ 



4t A. 

If we designate by X and Y the co-ordinates of the centre 
of the elHpse, which is the middle point of this diameter, we 
shall have 

2 ' 2 * 

If through the centre a diameter be drawn parallel to the 
axis of y, it will be conjugate to the diameter W AT, since 
it is parallel to the two tangents drawn through its vertices. 

The ordinates of the vertices F and F of this new diame- 
ter, will be the two values of y corresponding to the abscissa 
of the centre, 

2~- 

If, therefore, we substitute this value for a?, in the equation 

we shall obtain 

^ _ ^(^--f :^)+2i> ^ ^^^^^^ 

and the difference of these values will give, 

16. To find the angle which the conjugate diameters make 
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with each other, let « designate the angle which the first 
diameter makes with the axis of X We shall then have 

B 2A 
tang «=——-, co8« = — — ==.. 

Since the second diameter is perpendicular to the axis of 
Xf if we designate by tif the angle which it forms with the 
first, we shall have 

2A 

and sin «' = cos « = - 



/4A» + jB« 

Having found the conjugate diameters, and the angle whicL 
they make with each other, the ellipse may be described 
(Bk. IV, Prop. IX, Sch. 4). 

17. There are yet other methods of determining points of 
the curve. If, for example, we wish the points in which the 
curve intersects the axis of X, we make y = in the general 
equation : it will then reduce to 

Ca^ + Ex + F-0. 

The roots of this equation will be the abscissas of the 
points common to the curve and the axis of X, When the 
roots are real and unequal, there will be two points of inter- 
section ; when they are real and equal, the axis of X will be 
tangent to the curve ; and when they are imaginary, the axis 
will have no, point in common with the curve. 

18. If in the general equation we make a7 = 0, we shall 
have ' 

Ay« + Dy + F = 0; 



and the roots of this equation will indicate similar relations 
between the curve and the axis of Y. 
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19. The position of the curve," with respect to the co-ordi- 
nate axes, will then be entirely determined by the values and 
signs which may be attributed to the constants A, B, C, &c. 

The following table exliibits the principal analytical con- 
ditions which* determine the position of the ellipse with 
respect to the co-ordinate axes : 



Analytical conditions. 
jS«-4AC<0. (1) 



Positions. 
For the ellipse. 
Roots a/^ ) 

will be real! S '^^^'^ (^^2^£)Mi)«-^lO(B^^C) > o. (2) 

Two points of intersec- ) 
tion with the axis X, J 

A point of contact with > 
the axis JT, > 

No point of intersection ) 
with X, y 

Two points of intersec- > 
tion with the axis of Y, y 

A point of contact with 
the axis of Y, 

No point of intersection ) 
with the axis of Y", y 

20. It is neither easy nor useful to recollect these analytical 
conditions, but we should not fail to understand clearly the 
general methods by which they are deduced. The following 
suggestions may serve as useful guides in the discussion of 
equations. 

1st. When the equation contains the second power of both 
the variables, resolve it with respect to either of them ; but 
if it contains the second power of but one of the variables, 
resolve it with respect to that variable. 

2d. Construct the diameter of the curve. 



when 


E»- 


-4CF>0. 


(3) 


when 


W 


-4CF=0. 


(4) 


when 


E'- 


-ACF<0. 


(5) 


when 


D» 


-AAF>0. 


(6) 


when 


D» 


-4AF=0. 


(7) 


when 


D' 


-4AF<0. 


(8) 
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3d. Place the quantity under the radical sign equal to 0, 
and the roots of the equation will determine the vertices ol 
the diameter. 

4th. Find the points in which the curve intersects the co- 
ordinate axes. 

The points thus found will, in general, be sufficient to 
describe the curve. 

The following will serve as examples : 



1. y* — 2a?y + 2a;* — 2y + 2a? = 0. 

The coefficients of the variables in this 
equation are such as to satisfy conditions 
(1), (2), (3) and (6). 



2. — 2a?y + 2a?*--2a? = 0. 

This equation will satisfy conditions 
(1), (2), (3) and (7). 



3. y«-.2a7y + 2a?« + 2y + a7 + 3 = 0. 

This equation will satisfy conditions 
(1), in (6) and (8). 




Let us now consider the second case, viz : 



2d. When the roots -xf and x" are equal. 
21. If the roots a/, a/\ are equal to each other, the pro 
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duct (a: — a/) (x — x") will become the square {x—a/f, and 
we shall have for the general value of y 

Now, since -B* — 4 AC is negative all values of y will be 
imaginary except the one which corresponds to the value of 
a? = a/. This value will cause the radical part to disappear 
and give 

_ Ba/+D 
2A • 

The curve is then reduced to a single point, situated on the 
diameter, and of which the co-ordinates are 

x = a/ and y = — < D 1 

By recurring to the equation from which the values of a/ 
and a/^ were derived, and recollecting that they can only 
become equal when the quantity under the radical reduces to 
0, we shall find 

(BD - 2 (5* - 4 AC){i)« - AAF) = 0, 

for the condition which makes a/ = a/'. 
This, joined to the condition 

B«-4AC<0, 

reduces the curve to a point. 

22. It is easy to show, by reasoning directly upon the 
general equation, that the condition of a/ = a/' reduces the 
curve to a point. 

For, we have 

^ 2A 2A 

or (2Ay + Bx + Dy-{x-x'y(B'-4AC) = 0. 
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But, since 5* — 4 AC is negative, the two terms of the 
first member of this equation are both positive : hence, the 
equation can only be satisfied by making 

2Ay + Bx + D = 0, and a? — j/ = 0, 

which gives 

, , Ba/+D 

a? = ar and t/ = • 

the same conditions as before found. 

Now, since x = a/ is the only value of x which can 
satisfy the equation when a/ = a/\ it follows that the sub- 
stitution of any other value of x will introduce into the 
equation incompatible conditions, and therefore ought to 
render the corresponding value of y imaginary. 

The following will serve as examples, 

x* + y^ = 0, +■ 0^ — 2a? + 1 = 0. 

Let us now consider the third case, viz : 

3d. When the roots and x^^ are both imaginary, 

23. Before considering this case we will state a principle 
of algebra on which its discussion depends, viz ; 

When the roots of an equation of the second degree are 
imaginary, the product of the two binomial factors into 
which it can be resolved (Alg. Art. 142), will be positive. 

The roots will be of the form 

a? = ± a + V — i*, a: = ± a — V — 

and the factors of the form 

x^a — V — and a?q=a + V —6', 
and their product 
(a'=Fa-. V -6«)(a?qFaH- V —b*)^x^ ±2ax + a"^ + 1^ 
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and since 2 ax cannot exceed 00^ + (Alg. Art. 146), the 
product will always be positive. 

Hence, in the case in which a/ and a/^ are imaginary the 
product (a? — a/) {x — a/^) will be constantly positive, and 
since — 4i4C is negative, the quantity under the radical 
sign will be negative : hence, y will be imaginary for every 
value of Xy and consequently there is no curve. 

24. In examining the equation from which the value of a/, 
and a/' were obtained, we find 

{BD - 2AEY - {B^ - 4 AC)(D« - 4AF) < 0, 

for the condition which renders a/, a/^ imaginary. 
This united with the condition 

jB»-4^C<0, 

renders the curve entirely imaginary: that is, there is no 
value which can be assigned to either of the variables that 
will render the corresponding value of the other real. 
The following are equations which give imaginary curves 

y« + xy +a?« + — a7 + y + l=:0, y« + a7» + 2a? + 2 = 0, 
2 

which may be placed under the following forms : 

(2y + a:+ l)' + 3a:^ + 3=0, y' + (a? + 1)« + 1 = 0. 

i 

25. In the discussion, the equation has been resolved with 
reference to y. Were we to resolve it with reference to a?, 
and place the radical part of the expression equal to 0, we 
should find for the real and unequal values of y, 

i 

(5E-2Ci))^-(5'-4ylC)(E«-4CF)>0; 
foi the equal value of y, j 



(J?£~2Ci))«-(i?«-4^C)(E»-4CF) = 0; 
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and for the imaginary curve, 

(BjB-2CD)«-(fi«-4Cr)(£«-4CF)<0. 

But we need not resolve the equation in order to show 
that if either of these conditions exists for oncjof the variables, 
it will necessarily exist for the other. 

For, the expression 

{BD - 2AEy - (5« - 4 AC)(D« - 4 AF), 

includes all the conditions. 

If we develop this expression, we shall find it equal to 

AE^ + CD^ + FB^ - BDE ~ 4 ACF, 

in which we see, that neither its form nor value will be altered 
by changing A into C, and D into E, which is equivalent 
to changing y into x, and x into y. 

26. There remains yet to be discussed the particular case 
in which B = and A = C, or in which the ellipse becomes 
a circle (Art. 8). 

Under this supposition, the general equation reduces to the 
form 

A + A + Dy + Ex + F = 0y 
or by dividing by A, 

D E F 
y' + a^ + '^y + jx + - = 0. 

If we add to both members 

ihe equation may be placed mvder the form, 

D' + E'-AAF 



4A» 
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which IS the equation of a circle, of which the co-ordinates 

D E 
of the centre are p and — —j- (Bk. Ill, Prop. I, 

Sch. 4), and the radius 

2A 

The circle may be easily described. 
For, the centre is determined by lay- 
ing off from the origin of co-ordinates 
the distances 

_ E 
2 a; 2 a' 

and drawing parallels to the axes ; then knowing the centre 
and radius, the circumference can be described. 

If + JB^ — 4AF is equal to 0, the circle will reduce 
to a point ; and if it is negative, the circumference will be 
come an imaginary curve. 

27. We may conclude from the preceding discussion, that 
the ellipse, which is characterized by the condition 

i?5_4AC<0, 

will become, in succession, the circle, the point, and the 
imagmary curve, if suitable values and signs be attributed to 
the constant quantities which enter into the general equation. 

Of the Parabola. 

jB»-4AC = 0. 

28. Let us resume the general value of y, which under 
the present supposition, will be 

y= ^^^^±^dt:^V^{BD--2AE)x + iy'^4AP. 
2 A 2 A 
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If we uow make 



2{BD-2AE)~ 
the equation may be put under the form, 

m which v= : — 

^ 2A 

is the equation of the diameter of the curve (Art. 6). 

If we suppose {BD — 2 to be positive, the curve will 
extend itself indefinitely in the direction of the positive ab- 
scissas, and be limited in the opposite direction. 

For, if a/ be negative its essential sign under the radical 
will be positive, and every negative value of x numerically 
greater than a/ will render the factor x — a/ negative, and 
consequently, the corresponding values of y will be imagi- 
nary. If a/ be positive, as repre- 
sented in the figure, then, every 
negative value of x, as well as all 
positive values less than a/, will 
render the values of y imaginary. 
Under either of the suppositions, 
of x' negative or a/ positive, every 
positive value of x greater than a/ would give real values 
for y : hence, the curve will extend itself indefinitely m the 
direction of the positive abscissas, and be limited in the 
opposite direction. 

For the value a? = a/, the radical reduces to 0, and the cor- 
responding value of y is the ordinate of the vertex of the di 
ameter. This ordinate through the vertex is tangent to the 
curve and limits it in one direction. 

If BD-'2AE is negative, then whether a/ be positive 
or negative, every negative value of x greater than a/ will 
render the factor a? — a/ negative, and consequently give real 
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ralues for y. The curve will there- 
*Fore extend itself indefinitely in the 
direction of the negative abscissas. 
It is easily shown that ihe value 
± a? = ± a/ will give the limit of 
tlie curve in the other direction, 

29. If we resolve the general equation with reference to a?, 
the equation of the diameter of the curve will become 
^,__iBy±E) 

whence, we find 




X . 

2C ' 



2Cx E 
But the charactenstic of the parabola is 

whence, -=r- = 

B 2A- 

and therefore the equation of the second diameter becomes 

Bx E 

hence, this diameter is parallel to the first, of which the 
equation is 

- -Sar D 
2A 2P 

which proves a property of the parabola already known, viz^ 
that all diameters of the parabola are parallel to each other 
(Bk. V, Prop. VI, Sch. 1). 

30. The points at which the parabola intersects the co- 
ordinate axes, may be found by combining the equation of 
the parabola with the equations of the axes : that is, by 
making y = for the axis of and a; = for the axis of \\ 

31. The characteristic of the parabola being 

we have B = 2^/ AC; 

15 
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and hcjice the three first terms, 

-Ay* + -Bay + Co?*, 

of the general equation, form a perfect square, and may be 
placed under the form 

Observing the directions given in Art. 19 for the discussion 
of equations, there will be little difficulty in constructing the 
following : 



1. y" — 2a?y + a?* + « = 0. 

The equation of the diameter is 

y-a?, or — y=-.a?. 




S. y*-2ay + #' + 2y = 0. 



8. y* — 2j?y + ir* + 2y-H = 0- 
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y* — 2ay + — 2y — 1 =0. 




5. y' — 2a?y + a?» — 2y— 2a? = 0. 



32. If we suppose the factor (J?D — 2AE) under the 
radical, to become 0, the value of y in the general equa- 
tion will become 



or, 



and 



Bx D 



2A 2A 2A 



Hence, this supposition reduces the parabola to two 
straight lines, and since the coefficients of x are the same 
in the two last equations, the lines will be parallel. 

If the quantity D^ — AAF, under the radical, is positive, 

the two right lines will be real ; if it is 0, they will unite 

and become the same straight line ; and if it is negative the 

two right lines will be both imaginary. 
15* 
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Under either of these suppositionsy the equation 

_ Bx D 

win always be real, and will represent the diameter as de- 
fined in (Bk. V, Prop. VI, Sch. 1). 

33. When fi«-4AC = 0, and BD^2AE = 0, the 
general equation of the second degree may be resolved into 
•two factors of the first degree : and since the equation will be 
satisfied by making either of these factors equal to 0, it fol- 
lows, that the equation ought to represent two right lines. 
It can be placed under the form, 

(2Ay+5j?+D+VD«-4ilFX2i4y+J?x+i)-Vl>«-4AiT, 



The following examples will illustrate the three cases 
which have been considered. 
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5. 



in which CD is the diameter and the 
paialleU imaginary. 



6. 



y» + y+l=0. 



in which CD is the diameter and the 
parallels imaginary. 



34. We may conclude from the preceding discussion 
that the parabola which is characterized by the condition 

jB«-4ilC = 0, 

wiD hecamef in succession, two parallel straight lines, one 
straight line, and two imaginary parallels, if suitable values 
and signs be attributed to the constant quantities which enter 
into the general equation. 

35. Since the diameters of the parabola are infinite, the 
centre is at an infinite distance from the vertex of the axis, and 
therefore cannot be used in describing the curve. There is, 
however, a striking property which was first demonstrated by 
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Biot, in his Analytical Geometry, and which affords an easy 
construction for points of the curve. The property is this : 

If through the focus of a parabola any chord be diawn^ 
and two tangents be drawn to the carve at its extremities then, 

1st. The two tangents will be perpendicular to each other; 
and 

2d. Their point of intersection will fall on the directrix. 

Let there be a parabola of wnich 
A is the vertex and F the focus. 

Its equation, referred to A as an 
origin of co-ordinates, is 

= 2px. 

The equation of a straight line 
passing through a given point, will be 
of the form 

If the given point be the focus of which the co-ordi- 
nates are y'rsO and a/ =-2-, we shall have for the equation 

of the chord, y == a |^a? — •=^^. 

If this equation of the chord be combined with that of the 
parabola, we shall obtain the co-ordinates of the points P 
and P\ in which the chord intersects the curve. 

Substituting for x in the equation of the chord its value 
drawn from the equation of the parabola, and we obtain 

in which the two values of y represent the co-ordinates o( 
the points P and P^ If we designate these values bj 
y'^ we shall have (Alg. Art. 143), 
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If now, through each of the points P, P', wc conceive a 
tangent line to be drawn to the parabola, and designate the 
tangents of the angles which they make with the axis of 
abscissas by ff", we shaD have (Bk* V, Prop, II), 

d 

and consequently. 



if we substitute 

a'fl"=-l, or </tf^' + l=0, 

and hence, the two taiizez:*^ are perp^j-C Icr.lar V> e^u^h 
The converse of tiis Y^ryj^rsL jL Is \r^t, : rlz* 
If tico tangenU are ^t'^t.Av'J' zr to t^ir^t 6!',^, f/,>e 
joinir.g the pcints of tc'z-^' v .Trj::.?} t^ rv. jh V^^ J^y.VA, 

For, let iha ta::ge-:5 FT^ F Yzrj^,'. . r:,j:^X%t>J,:. 

other. Dr^w tie cl:ri PP'. iJiii % , vj>v>ie v^<;-t h d>5;^ 

net pL25 ir:.:^a lie :V/--i, /."^v. P, c/-.-«r t?,*; cLv/C 
PPP' -^r-zi iiz-^ i'j-^ r, Vrv.r. P' c/^v 4 
tangrzi: :c iLe cizre : loex ^7 x :^irt V^rr. d*rrr.'r^ 

stTfitei h --Z yt'rjziiLj:^Sjis w FT: 'v^. 

y 

y^T. En*-:.* ic nrx \r ^;ii'i/xut irif*: ir^jiaZ iri- 

at -L^STt-n : -iSit vair^x Jt Vi:ruLtL : ittirj^ P 



in this result tie value of yV^ we Lave 
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36. We will now demonstrate the second part of the pro- 
position, viz : that the point of intersection of the tangents 
falls on the directrix. 

For this purpose let us designate the co-ordinates of the 
points of tangency by a/, yf and a!'^ \f' : the equations of the 
tangents will then become 

=p (a? + a/), yyf' =p (a? + tx!'\ 

For the common point, or point of intersection, we shall 
have y = y and x = x\ hence, if we combine the two equa* 
tions by dividing them member by member, we shall have 

from which we find 



Xi 



in which x represents the abscissa of the point of intersec- 
tion of the tangents. This value may be simplified by re- 
collecting that the points of contact are on the curve, and 
hence. 

Finding the values of a/, a/^, and substituting them m 
the last equation, and then dividing by the common factor 
— y^i we find 

2p 

As no condition has yet been introduced fixing the position 
of the chord or the direction of the tangents, it follows, that 
this is a general expression for the abscissa of the point in 
which two tangents intersect each other when dravwi through 
the extremities of any chord. 

If now, we take the chord passing through the focus, we 
have just found that 
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Introducing this condition into the last equation, and we 
have 




that is, the abscissa of the point of intersection is without the 

P 

curve, and at a distance from the origin equal to — 

which is the distance of the directrix from the same point. 
Hence, the point of intersection of the tangents, falls on the 
directrix. 

37. To apply this property in the construction of the 
curve, it should be recollected that when the general equation 
is resolved with reference to y, we obtain a diameter of 
which the ordinates and the tangent line at the vertex are 
parallel to the axis of Y: and if we resolve the equation 
with reference to x, we shall obtain a diameter of which 
the ordinates and the tangent line at the vertex are parallel to 
the axis of X. Now since the co-ordinate axes are at right 
angles to each other, these tangents will be at right angles ; 
and hence, the chord joining the points of tangency will pass 
through the focus. 

These points of tangency are easily determined ; for they 
ore the limits of the curve in the directions of the axes. For 
the tangent parallel to the axis of Yy we have already found 



(Art. 28), 



2{BD-^2AEy 



which gives, 



Ba/+D 
2A 



If we now resolve the equation with reference to a?, we 
shall find the co-ordinates of the vertex of the other diameter 
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At this vertex, the tangent is parallel to the axis of X. We 
hus find 



which gives - a/'= — • 

Having thus found the two points of tangency P, P', join 
them by a straight line PP : this line will pass through the 
focus. 



Through the point P, draw 
PT parallel to the axis of or- 
dinates, and through P^ draw 
P^T parallel to the axis of 
abscissas : these lines will be 
tangent to the parabola, and 
perpendicular to each other : 
and hence, their point of in- 




tersection r, will be on the directrix. 

Having constructed either of the diameters, the one, for 
example through P, draw tlirough T, TB perpendicular to 
it, and TB will be the directrix of the parabola. 

With P' as a centre, and a radius equal to PC, the dis- 
tance to the directrix, describe the arc CF : the point F, 
at which it intersects PP', will be the focus. The line FB, 
drawn through F and perpendicular to the directrix, will be 
the axis ; and the point A, equally distant from F and B, will 
be tfie vertex. 



IP-4CF 



2[BE-2CD)' 

Bi/'+E 



Of the Hyperbola 



B»-4AC>0. 



38. After what has preceded, there can be little difficulty 
in discussing this class of curves 



BOOK VII. 



285 



Let us resume the general value of and place it under 
the form 



If we represent by a/, a/', the two roots of the equation 

BD-2AE D»-4AF _ 
* B'-4AC^^ B'-iAC 

the values of y may be put under the form 

y= - ±^V{B'-4AC){x-a/)ix-a/'). 

There are here, as in the ellipse, three cases : 
1st. When the roots a/, a/', are real and unequal, of which 
the condition is 

{BD - 2AEy - (B« - 4:AC){D' - 4 AF) > 0. 
2d. When they are equal, of which the condition is 

{BD - 2AEY - (jB» - 4 AC)(2)« - AAF) = 0. 
3d. When they are both imaginary, of which the condition is 

{BD - 2AEY - {B^ - 4 AC)(D» - 4 AF) < 0. 
1 St. When the roots are real and unequal. 

39. When the roots are real 
and unequal, all values of a: greater 
than a/ and less than a/', will give 
contrary si^^ns to the factors a? —a/, 
x-^-d' : their product will therefore 
be negative, and as — 4 AC is 
positive, the quantity under the 
radical sign will be negative : hence, the curve will be ima- 
ginary between the limits a/ and a/', and will extend in- 
definitely beyond these limits. 
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If the abscissas a/, td', be substituted in the equation of 
the diameter 

y= — 2l-' 

we shall find the ordinates of the vertices ; they are, 

y'=— and 5/'= 



2A 



The points in which the curve intersects the co-ordinate 
axes, may be found by combining the equation of the curve 
with the equations of the axes. 

The following examples will illustrate what has been 
explained : 



2. y*-a?« + 2a?-2j/+l = 0. 



3. y*— 2ay— af«-2y+2j?+3=0. 
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4, y«-.2j:*-2y+6ar-3=:0. 



2d. When tTie roots x', x'', are equal, 

40. Wlien the roots a/, a/^ become equal to each other, 
the value of y becomes 



2A 



2A 



and this value is always real, since the quantity under the 
radical is positive. 

This equation will represent two right lines, and since the 
coefficients of a? will be (different in each, the lines will 
intersect each other. The line AB of which the equation is 



Bx + D 
~2A~' 



will bisect all lines that are limited 
by the two straight lines,*i4D, AC, 
and parallel to the axis of Y. 
Hence, it may be still considered 
as a diameter. 
If we make x^tJ^ we shall have 




2A 



which gives the ordinate of the point A, where the two lines 
mtersect each otiier. 
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The condition a/ = ar'' enables us to place the general 
equation under the form 

j2Ay + 5a? + 2)-(a?-a/)V(5«-.4ilC)j x 

j2Ay + 5a?+2) + (a?--a/)V(5»-4AC)j =0. 

This equation is composed of two factors of the first de- 
gree, and can therefore be satisfied by making either of them 
equal to 0. It ought therefore to be the equation of two 
straight lines. 

We shall add a few examples. 




3d. When the roots x', x", are imaginary. 
41. When in the equation 
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the roots a/, a/', are imaginary, the product of the factors 
(j? — a/), — a/% will be always positive (Art. 23\ and 
since jB* — 4AC is positive, the quantity under the radical 
will be positive, and hence y will be real for all values of a?, 
and each abscissa will give two values for y. 

The part which is in^epsndent 
of the radical 

2Bx + D 

y= — 2T- 

will still be the equation of a di- 
ameter of the curve, and this 
diameter CD will bisect all lines 
parallel to the axis of Y and terminated by the curve. The 
line CD, is therefore a diameter of the hyperbola. 

The imaginary values a/, a/\ are the roots of the equa- 
tion which was obtained by placing the quantity under the 
general radical equal to 0. The values of a? which would 
reduce that quantity to 0, correspond to the vertices of the 
diameter. But as there are no values of a? which will 
satisfy the equation, it follows that the diameter does not 
intersect the curve. 

Let the hyperbolas of which the following are the equations 
be constructed. 
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2. y'+ary— a?'+2a:+2y— 1=0. 



8. y* — 2j?y — a?* — 2a? — 2 = 0. 




42. Having found the abscissas a/, a/' of the vertices of 
that diameter which intersects the curve (Art. 37), we can 
readily find the value of this diameter by a method entirely 
similar to that pursued in (Art. 15). 

The length of the diameter will be equal to 

(^^V5a+4A«, 
2A 

and the length of its conjugate diameter to 

The conjugate diameter will be imaginary, since 4 AC —jB*, 
is negative. If we designate the angle included by the 
diameters by we shall have, as in the ellipse (Art. 16), 

2A 

sm « = — - 

Then, knowing the conjugate diameters and the angle 
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which ihey form with each other, the hyperbola may be 
described. 

43. There is yet one case to be examined : it is that in 
which 

A = - C and B = 0. 
Under this supposition the general equation will become 
A y*- Aa?»+ Dy + Ex + F =-0, 



or. 



a o . , E , F ^ 

y»_a5» + _y + _a,+ _=0: 



m 

to both members, it 



4 A* 



wad, by adding and 
may be put under the form 

which represents an equilateral 
hyperbola of which the co-oydi-. 
nates of the centre C are 

and of which the power is one 

half of 

ja-E«-4AF 
4A* 

This case corresponds to that in which the ellipse be- 
comes the circle. 




Of the Centres and Diameters of Curves. 

44. That point in the plane of a curve which bisects all 

straight lines drawn through it and Umited by the curve, i« 

called the centre. 

Admitting, for a moment, that there is such a point, let us 
16 
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suppose the origin of co-ordinates to be transferred to it. 
Thicugh the origin let any straight line be drawn, and desig- 
nate the co-ordinates of one of the points in which it inter- 
sects the curve by + a/, + y' ; the co-ordinates of the point 
in which it intersects the curve, on the other side of the centre, 
will be designated by — a/, — \f . Now, since this is true 
for every position of the right line, it follows, that if the curve 
has a point whose co-ordinates are +a/, -|-y', it must also 
have another point whose co-ordinates are —a/, — y'. But, 
if an equation is equally satisfied for all values of +a/, -t-y^i 
and —a/, — y', it must necessarily be of such a form as to 
undergo no alteration when the signs of both the variables are 
changed from + to — , or from — to -}-. 

This condition requires, that every term of the equation 
should be of an even degree. If, therefore, a curve have a 
centre, all the terms of its equation, when referred to it as an 
origin of co-ordinates, will be of an even degree. 

To determine then whether a curve has a centre, it is 
simply necessary to inquire whether its equation can be 
reduced to such a form that each term shall be of an even 
degree with respect to the variables. 

For this purpose, let us assume the formulas for transferr* 
ing the origin of co-ordinates, without changing the directiof^ 
of the axes. They are 

If we now substitute these values of x and y, in the ger 
eral equation of the second degree, 

Ay« -I- Bxy + Co?+Dy + Ex + F=iOy 
we shall have 

Ay''^ + Bx'y' + Cx'^ + Ah^ + Bah+ Ca^ + Db + Ea + F \ 
{2M + Ba + D)y'+{2Ca + Bb + E)x' J 

Smce the co-ordinates a and b of the new origin are 
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entirely arbitrary, we can in general attribute to them such 
values as will introduce two conditions into the last equation. 
We are therefore at liberty to make 

2Ab+Ba+Dz=0y and 2Ca-{^ Bb + E = 0. 

If, in addition, we represent the known terms of the las 
equation by P, the equation will take the form 

Ay « + Ba/i/ +Ca/^ + P = 0, 

an equation which will not be affected by changing + a?J + ^ 
into —a/, —y', or —a/, — into +t/. 

45. The existence of a centre depends entirely on the two 
equations, 

2Ab + Ba + Dz=0y and 2Ca + Bb + E = 0. 

If we suppose a and b to assume all possible values, which 
will satisfy the two equations, each will represent a straight 
line, and they may be placed under the forms 

, B D . 2C E 

As the centre must lie on each of these right lines, it will 
be found at their intersection. Hence, if we combine the 
equations, the values of a and 6 will be the co-ordinates of 
the centre. They are 

_ 2AE-'BD , 2CD-^BE 

B'-^AC ' B^-^AC ' 

These values will be single and finite so long as jB' — 4 AC 
is not : hence, there is always one point, and but one, in 
each of the planes of the ellipse and hyperbola which enjoys 
the properties of a centre. 

When jB^ — 4AC = 0, which is the characteristic of the 

parabola, the values of both a and b become infinite, which 
16* 
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diows that the centre is at an infinite distance from both 
axes, or in other words, that the parabola has no centre. 
From the characteristic of the parabola B^ — ^AC =0, 
find 

B _2C, 
2A^ B' 

from which we see, that the two lines, which by their mter- 
section determine the centre of the cmre, become parallel to 
each other : hence, the co-ordinates of the centre ought to be 
infinite, or the centre ought not to exist. 

46. It has been shown, in Art. 32, that when 

(BD-2AE)^0, 

the parabola reduces to two straight lines. 
This supposition also gives 

Z) _ £ , 

and hence, the two lines which determine the centre will 
coincide with each other : the centre will therefore be at any 
point of the common line. 

This indetermination arises from the relation which exists 
between the coefEcients of a and 6, in the equations 

2Ab + Ba + D='0, 2Ca + jBfe + E = 0; 

that is, if one of the equations is equal to 0, the relation be- 
tween the coefficients is such as to satisfy the other : and 
hence the conditions are not independent; andtherefcre the 
two equations ought not to determine a and.fe (Alg. Art. 103). 

It should, however, be remarked, that when this indeter- 
mination ariges, the parabola is reduced to two parallel 
straight lines, and the centre is limited to a straight line par- 
allel to, and equally distant from them ; and this is equally 
tijue, whether the parallels are real or imaginary. 
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47. It has already been remarked (Bk. V, Prop. VI, Sch. 
I ), that the term diameter y designates any straight line which 
bisects a system of chords drawn parallel to each other and 
limited by the Curve. 

If, therefore, the axis of abscissas coincides with a diame- 
ter of the curve, and the axis of ordinates be drawn parallel 
to the system of chords which the diameter bisects, the curve 
will be symmetrical with respect to the axis of abscissas ; 
for, each value of a? will give two equal values of y with 
contrary signs. 

Under this supposition, therefore, the equation of the curve 
will not contain the first power of y. 

Again, if we suppose the axis of Y to coincide with a 
diameter of the curve, and the axis of X to be parallel to the 
system of chords which are bisected by the diameter, each 
value of y will give two equal values of a? with contrary 
signs : hence, under this supposition, the equation will not 
contain the first power of x. 

If, therefore, it be required to determine whether the curves 
represented by the general equation of the second degree, 

Ay^ + Bxy + Cx^ + Dy + Ex ^ F = 0, 

have one or more diameters, it will only be necessary to 
ascertain, whether the equation can be so transformed as to 
cause the terms containing the first power of one or both of 
the variables to disappear. 

For this purpose, let us refer the curve to a new system 
of co-ordinates. Since the axes of the primitive system have 
been supposed at right angles to each other, we shall require 
the formulas 

x = a + xf cos « + y cos y =r 6 + a/ sin » -H y' sin 

for passing from a system ol rectangular to a system of 
oblique axes. 
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Substituting these values of x and y in the general equa- 
tion, and we obtain, 

[2Asin«8in«'+-B(sin«co8«' + sin^'cos^)-!- 2Ccos«cos«']j/y', 
+ [(2Ab + Ba + D) sin * -\- {2 Ca + Bh E) cos •] a^, 
+ [(2 At + ^fl + D) sin (2 Ca + ^6 + £) cos cif] y, 
for the terms wliich contain the uneven powers of a/ and y'. 

By referring the curve to a new system of co-ordinate 
axes, we have introduced into its equation four arbitrary con- 
stants, a, &, «, and ^ : we can therefore attribute to these 
constants such values as will introduce four independent 
conditions into the resulting equation. 

If then, we place, as we are at liberty to do, the coeflSicients 
of the first powers of i/ equal to 0, the new axis J? will be- 
come a diameter of the curve. The analytical conditions are, 
2 Ccos « cosfl/ + 5 (sin « cos + sin tf' cos •) + 2 A sin • sin = 0, 
which may be placed under the form 

2 C + jB(tang tang «) + 2 A tang • tang «'= 0; (1) 
and 

(2 Ab +Ba 4- D) sin «'-(- (2 Ca +Bb + E) cos «'= 0. (2) 
In order to render the new axis V a diameter, we must 

place the coefficients of a/ equal to : which gives, 

2C+B(tang «'+tang «) + 2A tang • tang *'=0, (1) 

and 

[2Ab + Ba+D) sin » + [2 Ca+Bb + E) cos *=:0. (3) 
The first equation in each of the conditions is the same, as 
indeed it ought to be, since the coefficient of the product a/y' 
is alike the coefficient of the first power of a/, or of t/. 

48. Let us now examine more particularly equations (1), 
(2) and (3). 

In order that the new axis of shall be a diameter, that 
is,, in order that it shall bisect a system of chords parallel to 
the axis of Y', equations (1) and (2) must be satisfied at the 
same time. Since these two equations contain the four arbi- 
trary constants a, fc, « and we might suppose ourselves at 
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liberty to assign arbitrary values to two of them, and then 
satisfy the equations by attributing suitable values to the 
other two. But since neither a nor b enters into equatioii 
(1), it is evident that we cannot attribute arbitrary values tu 
« and for equation (1) will always determine one of theru 
when the other is known. We may, however, if we pleast» 
attribute arbitrary values to a, and 6, and this will fn ihe 
position of the new origin. Tinder this supposition equation ''2) 
will determine the value of and consequently the direction 
of the new axis will be known. Substituting the value of 

in equation (1) we find the value of «, and hence the 
direction of the new axis of X' becomes known. 

Under these suppositions equation (3) will not in general 
^ be satisfied, since all the arbitrary constants which enter into 
it, have been determined by other conditions. 

If we attribute a given value to « or cef, that is, if we assume 
the direction of one of the new axes, the direction of the other 
will be determined by equation (1), and consequently, the 
angle formed by the new axes will become known. 

If then we wish that both of the new axes shall be diame* 
ters, we must satisfy at the same time equations (2) and (3) 
by attributing suitable values to a and b. But since a and b 
do not depend on « and and since the equations are to be 
satisfied for all values of • and we have (Alg. Art. 208), 

2 Aa -f + D = and 2Ca + Bb+ E = 0. 

But these are the equations of the centre of the curve 
(Art. 45 ) ; and consequently the co-ordinates of the centre 
will satisfy the equation of every diameter. Hence, every 
diameter of a curve of the second degree passes through the 
centre. Reciprocally, every line passing through the centre 
is a diameter, since if we satisfy equation (2) or (3) inde- 
pendently of « or we can always satisfy equation (1), and 
hence the conditions of a diameter will be fulfilled. 
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49. If it be required that the fiisl power of neiihcr variable 
fhali appear in the lra::^:oni:c<i equalion, the three condilions, 

2C + jB(lang«'+tang«)-|-2iltang«lang*^=0, (1) 
ZAb + Ba-rD^O, (2) 2 Ca -f jB6 + £ = 0, (3) 

must sixb^ist at the same time, and the txaDsformed equation 
will take the form 

and since each aiis will then bisect all chords w^hich arc 
parallel to the other, the curve will be referred to its centre 
and conjugate diamelers. 

Since there are still two undetermined quantities, « and in 
equation (1), it follows, that there is an infinite number of sys- 
tems of coiijugjile diameters which will fulfil the conditions. ^ 

If, however, a given value be attributed either to « or «' the 
value of the other may be determined from equation (1); and 
if we make a/ — « = 90, the curve will be referred to its 
centre and axes. 

60. The last equation has been obtained under the suppo- 
sition that equations (2) ai^d (3) may be both satisfied at the 
same time by finite values of a and b. We have seen, 
however (Art. 45), that when the curve becomes a parabola, 
the conditions which will satisfy one of the equations will 
cause the two straight lines which they represent to become 
parallel to each other. The parabola will then be sym- 
metrical with respect to either of the parallels determined 
by equations (2) and (3). 

61. In reviewing the methods which have been pursued in 
the discussion of the general equation of the second degree, 
we see, that the equation has been simplified by transferring the 
origin of co-ordinates, and changing the directions of the axes. 

In the ellipse and hyperbola, which are characterized by 

B2-4AC<0, and B^-4:AC>0, 
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the first power of the variables can be made to disappear by 
simply changing the position of the origin. 

The equation which establishes such a relation between «' 
and « that one of the new axes shall bisect all chords of the 
curve which are parallel to the otlier, will render the coeffi- 
cient of the rectangle of the variables equal to 0, and will 
therefore cause that term to disappear from the transformed 
equation. The last condition has no reference to the position 
of the origin of co-ordinates : it merely expresses a relation 
between the angles which the new axes form with the pri- 
mitive axis of abscissas. 

52. The condition 5^ - 4 .4 C = 0, 
which characterizes the parabola, attributes such values to 
the constants which enter Into the coefficients of a/, y', in the 
transformed equation, that by placing one of them equal to 
0, the other cannot be reduced to for finite values of a and h 
(Art. 45). In this case, the two conditions expressed by 
equations (2) and (3) are dependant on each other. If either 
of the new axes or Y' is a diameter, we have j5 = 0. 
Now, if X is a dianneter, we have in addition to the last con- 
dition D = 0. Under this supposition A cannot be 0, for then 
the general equation would not contain y. Hence the condi- 
tion — 4AC=0, would give — 4 AC = and conse- 
quently C = or the second power of x would not appear 
in the equation. 

If YMs a diameter, we have B = and E=zO: then C 
cannot be 0; hence A = 0, or the second power of y will not 
enter the equation. Hence the equation of the parabola 
must reduce to the forms. 

y'2 = Pa/ + cc, 

' or 2/2 = py + 

or by again transferring the origin of co-ordinates to 
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BOOK vm. 

Of the Point and Straight Line in Space — Of the 
PIa7ie — Of the Transformation of Co-ordinates in 
Space — Of Polar Equation in Spccce. 

1. Space is indefinite extension and is entirely similar in 
all its parts. We are therefore unable to determine the 
absolute places or positions of the geometrical magnitudes 
which are to be subjected to the algebraic analysis, since 
there is nothing fixed to which they can be referred. Their 
relative positions may, however, be easily determined and 
these will enable us to discuss and develop their properties. 

2. Thus far, the analysis has been limited to points and 
lines lying in the same plane, and these have been referred 
to two straight lines making a given angle with each other. 
The analysis is now to be extended to points and lines in 
space, and these will be referred to three planes, which for 
simplicity, will be taken at right angles to each other. 

3. Let AX, AY.AZ, designate Z 
the three straight lines in which 
the planes intersect each other. 
The plane ZAX is supposed to 
be vertical and to coincide with 
the plane of the paper. The 
plane YAX is supposed to be ^ J^' 
horizontal, and to intersect ZAX in the horizontal line X^X. 
The plane YAZ is perpendicular to the other two planes and 
intersects the horizontal plane in the horizontal line YY\ 
and the vertical plane in the vertical line ZZ^. The three 
planes are called, the co-ordinate planes. 
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4. Since the co-ordinate planes are respectively at right 
angles to each other, the line of intersection of either two will 
be perpendicular to the third : and this line of intersection is 
called the axis of that plane to which it is perpendicular. 

For example, X is the axis of the co-ordinate plane YZ, 
y the axis of the co-ordinate plane ZJST, and Z the axis 
of the co-ordinate plane YX, The three are called,, the 
co-ordinate axes, and their point of intersection A, is called 
the origin. 

5. The co-ordinate planes are supposed to be indefinite, 
and hence, they will divide all space into eight equal parts, 
or solid angles, having the origin A for a common vertex. 
Four of these angles are above the horizontal plane YAX, 
and four below it. They are thus designated. 

YAX is called the 1st angle, 

YAX " " 2d « 

XAV " " 3d « 

YAX " " 4th « 

The fifth angle is directly beneath the first, the sixth 
beneath the second, the seventh beneath the third, and the 
eighth beneath the fourth. 

This manner of naming the angles differs from that adopted 
in the plane, where the first angle is beyond the axis of 
abscissas, and where we pass round from the right to the left; 
but both the methods are now too well established to be 
changed merely for the purpose of producing imiformity. 

6. The distance of any point in space firom either of the 
co-ordinate planes is estimated on the axis of the plane, or on 
a line parallel to the axis. 

7. Let us suppose that we know the distances of a point 
from the three co-ordinate planes, viz : 
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from 

from 
from 



YZ = a, 
YX = c. 




From the origin A lay oflF on 
the axis of JT, a distance Ap=^aj 
and through p pass a plane paral- 
lel to the co-ordinate plane YZ. Its traces pP', pP, will be 
respectively parallel to the axes Z and Y. Lay off in like 
manner on the axis of Y, a distance A'pf = 5, and through 
pf pass a plane parallel to the co-ordinate plane ZX. Its 
traces p'P, pIP" will be respectively parallel to the axes X 
and y. Since the point must be in both planes at the same 
time, it will be in their common intersection, which is per- 
pendicular to tlie horizontal plane at P. 

Lay off from the origin of co-ordinates, on the axis of Z, 
a distance Ap" — c, and through p'' pass a plane parallel 
to YX : its traces p^'P'y p"P'\ will be parallel respectively 
to the axes X and Y, and the point in which the plane is 
pierced by the perpendicular to the horizontal plane at P, 
will be the position of the required point. The point will 
therefore be vertically projected on the plane ZX at P', 
and on the plane ZY, at P^' . Its co-ordinates, are Pj/, 
pP, and pP'. 

The distances of a point from the co-ordinate planes are 
expressed algebraically by 



and since these conditions determine the position of the pointy 
they are called, the equations of the point. 

8. Let us now consider these conditions in a general man- 
ner, and see what each, taken separately, implies. 
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The conditions 

a? = =h a, 

will limit the point to one of two planes drawn parallel to the 
co-ordinate plane YZy on different sides of the origin, and at 
a distance from it equal to a. 
The conditions 

will limit the point to one of two planes drawn parallel to the 
co-ordinate plane ZX, on different sides of the origin, and 
at a distance from it equal to 6. 

If these conditions exist together, the point will be limited 
to four straight lines, parallel to the axis of Z. 

The conditions 

will limit the position of the point to one of two planes drawn 
parallel to the co-ordinate plane YXy on different sides of 
the origin, and at a distance from it equal to c. 

If all the conditions exist at the same time, the point will 
be found at either one of the eight points in which the two 
last planes are pierced by the four parallels before deter- 
mined ; and each of these eight points will be found in one of 
the eight angles formed by the co-ordinate planes. By at- 
tributing to the co-ordinates of these points the signs plus and 
minus, the position of either one of them may be precisely 
determined. The following signs are attributed to the co- 
ordinates of a point in the different angles : 



1st angle ip=+a, y=:-|-6, «=+c^ 
2d. " a?=— fl, v=:4-6. ar=4-c. 
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5th 


angle 


a?= +a, 


y=+6, 




6th 


M 


£P= — a, 


y= + 6, 




7th 


tt 


a?= —a, 


y=--i, 


2?= — C, 


8th 


U 


a? = + a, 


y= - 6, 


2r= — c. 



9. Since the co-ordinate of a point represents its distance 
from one of the co-ordinate planes, it follows, that when this 
distance is 0, the point will be found in the plane. 

Hence, we have the following for the equations of tht 
co-ordinate planes : 

For the co-ordinate plane YAX^ 

z = 0, X and y indeterminate; 

that is, X and y must be indeterminate in order that they 
may be made to represent, in succession, the co-ordinates of 
every point of the plane. 

For the co-ordinate plane XA Z, 

y = 0, X and z indeterminate. 
For the co-ordinate plane YAZ, 

x=0 y and z indeterminate. 

10. Since either axis lies in two of the co-ordinate planesi 
we shall have, for the equation of the axis of 

y = 0, ^ = 0, and x indeterminate. 
For the equation of the axis of F, 

a?=:0, z = 0, and y indeterminate. 
For the equation of the axis of Z, 

a? = 0, y = 0, and z indeterminate. 
And for the origin, which lies in the three planes, 
a? = 0, y = 0, and z = 0. 
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11. We also have, for a point on the axis of 

y = 0, = 0, and a? = dt a. 

For a point on the axis of Y, 

a? = 0, z = 0, and y = ± 6, 

For a point on the axis of Z, 

a? = 0, y = 0, and z = ± c. 
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PROPOSITION I. PROBLEM. 

To find the distance between two points in space when their 
co-ordinates are known. 

Let (Q, Q') be one of 
the points, and (P, F^) 
the other. 

Represent the co-ordinates 
of the first by a/, z'^ and 
those of the second by 
a/\ sf^y and designate the 
length of the required line 
by D. The line D will be the hypothenuse of a triangle, 
of which the base is QP, and altitude p'P'. 

But, Qp = a/'-a/, 'Pp^f-yf, and p'P'= 

In the right angle triangle QPp, we have 

hence, = (a/^- + ^ t/f + (^'-. a/)«, 

and jD = + (y- yO* + (^'- ^)». 

Scholium 1. If the line were projected on the three co- 
ordinate axes, oi'—ody ^^—l/y zf^—zf, would represent. 
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respectively, the length of the projection on each axis : hence, 
it follows, that the square of any portion of a straight line is 
equal to the sum of the squares of its three projections on the 
co-ordinate axes. 

Scholium 2. If one of the 
points, the one for example of 
which the co-ordinates are a/, j/jS/f 
be placed at the origin, we shall 
have 

which represents the distance of any point in space from the 
origin of co-ordinates. 

Scholium 3. The three lines Pp', Pp, P^p, drawn per- 
pendicular to the co-ordinate planes, may be regarded as the 
three edges of a parallelopipedon, of which the line drawn to 
the origin is the diagonal. We have therefore verified a 
proposition of geometry, viz : the sum of the squares of the 
three edges of a rectangular parallelopipedon is equal to 
the square of its diagonal. 

Scholium 4. This last result offers an easy method of 
determining a relation that exists between the cosines of the 
angles which a straight line makes with the co-ordinate axes. 

Let us designate the length of the line passing through the 
origin of co-ordinates by r, and the angles which it forms 
with the axes, respectively, by X, Y, and Z. 

We shall then have for the lines Ap, Ap\ Ap-'y which are 
respectively designated by a/', y'', 2/', the following values, 
viz. : 

a/'=: r cos JT, }/'^r cos Y, J'— r cos Z. 
By squaring these equations and adding, we obtain 
a/'* -f t/'» + z''* = f^{cos^X+ cos«y 4- cos«Z). 
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But we have already found 

Hence, cos'-X" + cos* Y + cos*Z = 1 , 

that is, the sum of the squares of the cosines of the three 
angles which a straight line forms with the three co-ordinate 
axeSf is equal to radius square, or unity » 

PROPOSITION n. PROBLEM. 

To find the equations of a straight line in space- 

Let CP' be the projection 
of a straight line on the co- 
ordinate plane ZX, and C^P^^ 
its projection on the co-ordi- 
nate plane YZ. Now, since ^ 
a line is determined in space 
when two of its projections 
are known (Des. Geom. Art. 
26), it follows that the conditions which fix the projectiona 
will determine the line. . . 

Let a?= az + » 

be the equation of the projection (yp, and 

yz=bz + fi, 

the equation of the projection (yp'. . 

In these equations, a represents the tangent of the «jigle 

ADP'j a the distance AO^h the tangent of the angle P'FZ, 

and the distance AO\ The angles in the co-ordinate 

plane ZJT, are estimated from the axis Z to the right, and 

in the co-ordinate plane YZ, they are estimated from the 

axis Z towards the left. 
17 
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If we suppose a, «, 6, and /i, to be given or known, the 
two projections CP', C^P^' will be determined; and hence, 
the line of which tliey aie the projections will be determined 
m space. Hence, 

are the equations of a straight line. 

Scholium 1. Since the projections of a straight line on 
two of the co-ordinate planes determine the position of the 
line in space, they ought also to determine its projection on 
the third co-ordinate plane. This indeed may be easily 
verified. % 

For, through P' draw a 
parallel to the axis of Z, and 
from the point in which it in- 
tersects the axis of X draw 
a parallel to the axis of Y. 
Through P^' draw a parallel 
to the axis of Z, and through 
the point in which it inter- y I " 

sects the axis of Y, draw a parallel to the axis of X : then 
will P be the projection of the point (P^, P''), on the co- 
ordinate plane YX. 

Find, in a similar manner, the projection of a second point, 
as {C\ and draw the projection CP. 

The equations 

x = az + tty y = bz + fif 

of the projections of the line on two of the co-ordinate planes, 
ouglit also to give the equation of the projection on the third 
plane. 

If we eliminate z from the two last equations, we have 
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= ^Sr-» or — = -2 , 

hence, y _ /3 = A (a* _ 

This equation is independent of and represents the projec 
tion CP of the hne, on the third co-ordinate plane YX. 

Scholium 2. If in the equations of a given straight line, 

a? = OjT + *, y = bz + fif 

a particular value be attributed to either of the variables 
a?, y, or the corresponding values of the two others may 
be found from the equations, since there will then be but two 
unknown quantities in the two equations. 

The corresponding values of the co-ordinates may likewise 
be found in the third equation, 

y — ^=-^(a? — *). 

The geometrical construction will also correspond to these 
results. For, if we assume any point, as P', in one of the 
projections of the line, the two other projections, P and P"', 
may easily be constructed. 

Scholium 3. Let us now consider the equations 
a? = flwr + «, y = fcj? + ft 

separately. 
The equation 

being independent of y, will be satisfied for every point of 
the plane passing through CP', and perpendicular to the 
CO ordinate plane ZX: hence, it may be regarded as the 
equation of that plane. 
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In like niAnner» the equation 

y = bz + fi, 

being independent of will be satisfied for every point m 
the plane passing through O'P"^ and perpendicular to the 
co-ordinate plane YZ: hence, it may be regarded as the 
equation of that plane. 
For similar reasons 

n 

is the equation of a plane passing through CP, and peipen 
dicular to the co-ordinate plane YX. 

Scholium 4. Let us now consider tlie conditions which 
would be imposed upon the straight line, by supposing; 
Oy by «, and /3, to become known in succession. 

When Oy 5, «, and /3, are all undetermined, the equations 

x = az + ity i/=zbz + fiy 

may be made to represent every straight line which can be 
drawn in space, by attributing suitable values to a, 6, «, and /I. 
And when a, 6, «, and /3, have giveii values, the equations 
will designate but a single straight line. 

If we suppose a to be given, the line may have any posi- 
tion in space, such that its projection on the co-ordinate plane 
ZX shall make an angle with Z, of which the tangent is a. 

If we suppose « also to be given, the projection of the' 
line on the co-ordinate plane ZX, will intersect the axis of X 
at a given point, and the two conditions will limit the line to 
a given plane. Its position in the plane will still be entirely 
undetermined. 

If we how suppose b to be given, the direction of the line 
will then be determined, but it may still have an indefinite 
number of parallel positions in the given plane. 
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If, finally, we attribute a value to /5, the projection on the 
plane of YZ will intersect the axis of Y at a given point ; 
and hence, the position of the line will become known. The 
letters « and /5 represent the co-ordinates of the points in 
which die line intersects the co-ordinate plane YX, 

The resolution of probjemg involving the straight line in 
space, consists in finding such values for the arbitrary con- 
stants a, b, *, and /3, as shall satisfy the required conditions. 

Scholium 5. Before, however, proceeding to the resolution 
of problems, it may be well to renfiark, that the same methods 
which have been adopted for determining straight lines in 
space, by means of the equations of their projections on two 
of the co-ordinate planes, are equally applicable to curves. 

If, for example, a curve be \ 



projected on the co-ordinate 
plane ZJf, the equation of 
the projection will contain 
the variables a? and ar, and 
will be independent of y. 
The equation of the projec- 
tion will therefore be satisfied 




for any point of the surface of the right cylinder which pro 
jects the curve. 

If thei curve be now projected on the co-ordinate plane 
YZj the equation of the projection will be independent of a:, , 
and will therefore be satisfied for every point of the surface 
of the right cylinder which projects the curve on YZ. 

The two equations together will determine two right cylin- 
ders whose bases are the curves on the co-ordinate planes, 
and which, by their intersection, will determine the curve in 
space. 

If z be eliminated from the two equations, we shall have 
the equation of the projection of the curve on the third co 
ordinate plane. 
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PROPOSITION ni. PROBLEM. 

To find the equations of a straight line which shall pass 
through two given points. 

Let a/, y', zf, and a/', y", be the co-ordinates of the 
given points. 

The required equations will be of the form 

x = az + a, (1) yz=zbz + fi, (2) 

in which it is required to find such values for a, «, b, and ft 
as shall cause the right line to fulfil the required conditions. 

Since the straight line is to pass through a point of which 
the co-ordinates are a/, y, 2/, we shall have 

a/=a2/+«, (3) t/^bz'+fi; (4) 

and since it is also to pass through a point of which the co- 
ordinates are a/', i/\ we shall likewise have 

a/'^az^'+^y (5) i/'^bz^'+fi. (6) 

The four last equations enable us to determine the four 
constants a, «, 6, fi. 

By subtracting the fifth equation from the third, and the 
sixth from the fourth, we obtain 

a/^a/'^aiz'-^z'') and ^-f^b{7!^2!% 

firom which we find, 



hence, a and b are determined, and if their known values be 
substituted respectively in equations (3) and (4), or (5) and 
(6), the values of « and /S, will become known. 
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If we subtract the third equation from the first, and the 
fourth from the second, we shall have 

which are the equations of a straight line passing through a 
given point. Substituting for a and b their known values, 
and we have 

which are the equations of a straight line passing through 
the two given points. 

PROPOSITION IV. PROBLEM. 

To find the conditions which will cause a straight line to be 
parallel to a given straight line. 

Let 

a? = a2: + «, y=.hz + ^ 

be the equations of the given line ; and 

the equations of the required line. 

The two lines will be parallel in space when their projec- 
tions on two of the co-ordinate planes are parallel (Des. 
Geora. Art. 30). The projections will be rendered parallel 
by making 

a' = a and ^ = fc, 

hence, the equations of the required line will become 

a? = a;? + •c', y = bz + pf \ 

and since *'^nd jS' are yet undetermined, there is an 
infinite number of lines which will fulfil the conditions. 
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If we make 

^ = « and 

the two lines will coincide. 



PROPOSITION V. PRCnUQf. 

To j ^A'S an^/« included between two bnes gicen by their 
equations^ in terms of the angles which the lines make with 
the co-ordinate axes. 



hex x = az + », yzz^bz + fi^ 

be the equations of the first line, and 

xr=^afz + ^, y^Vz + ff^ 

be the equations of the second. 

It has been observed (Geom. Bk. VI, Prop. VI, Sch.), that 
two straight lines which cross each other in space, maybe 
regarded as forming an angle, although they do not lie in the 
same plane. They are supposed to make the same angle 
with each other as would be formed by one of the lines, and 
a line drawn through any point of it and parallel to the other: 
or as would be formed by two lines drawn through the same 
point and respectively parallel to the given lines. 

If then, two lines be drawn 
through the origin of co-ordinates 
respectively parallel to the given 
lines, the angle which they form 
with each other will be equal to 
the required angle. 

The equation of these lines 
will be 




X =s aZj 
x^afz^ 



y-hz, 

y^Vz, 



for the first, 

for the second. 
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Let us take on the nrst line any point as and designate 
cs co-ordinates by a/, yf^ z', and its distance from the origin 
jy r' . Take, in like manner, on the second line any point 
'5 P^', and dosig^.ato 'Is co-ordinates by a/', y^', 2/', and its 
fistance froir tlie oiigin by r'', and let D denote the distance 
^ecwetsn tLe»p.;mis. If we designate the angle included be- 
\irceri ^hf J^n'^.s by F, we shall have, in the triangle APP- 
.Trig Til. IV). 

cosF= -^-^^ , 

•md we have now only to find r', and D. 

Let us designate the three angles which the first line forms . 
with the co-ordinate axes respectively, by Y and Z, 
and the angles which the second line forms with the same 
axes by X^y Y and ; we shall then have (Prop. I, 
Sch. 4), 

a! ■=.r' cos JS, = cos F, 2/ = / cos Z, 

a/' = r^^ cos X, f ^r'' cos F, 2!' ^i"' cos Z. 

But the square of the distance between two points is 
(Prop. I), 

or by substituting for the co-ordinates of the points their dis- 
tances from the origin into the cosines of the angles which 
the lines make with the co-ordinate axes, we have, 

ns_ Jr'«{cos«X+co89F4-cos»Z) + r"2(cos«X'+cos«F + co8«Z') > 
\ — 2rV" (cos X cos X' + cos Fcos Y' + cos Z cos Z') J 

But it has been shown (Prop. I, Sch. 4), that, 
cos«X+ cos« Y+ cos«Z = 1, cos«-X'+ cos« F-h cos« Z'= 1 
and hence. 
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2)» as r« + r"» — Sr'r" (cob Z cos X +co8 Fcos F + cos Zcos Z'). 
If this value of JD* be substituted in the equation, 

'''' ^= 2f^f^' t 
we shall find, after dividing by Sr'/', • 

cos V = cos X cos jf + cos Y cos Y' + cos Z cos Z', 

that is, the cosine of the angle included between two lines is 
equal to the sum of the rectangles of the cosines of the angles 
which the lines in space form with the co^dinate axes. 

Second Method. 

Having found 

^^^^ = -W— ' 

as in the first method, we may place it under the form 

i)«-/«-.r''« + 2/r^' cos V=0. 

We next find the value of 2)', as before, viz : 

ni^ Jt^ (co8«X+co8«y+co8«Z)+r"»(cosaX'+co8«r+cos»Z0 ( 
I — 2rV'(cosXcosX'-f cosFcosP+cosZcosZO $' 

Substituting this value of IP in the last equation, it may 
be placed under the form 

r^(cos«X+cos« r+co8«Z— 1) +r"«(cos« X'+cos« F-i-co3«Z'— 1) ) ^ n 
- 2i^r" (coai cosX'+cos Fcos Y'+cos Z cos Z'- coa K) J 

Now, since the angle V which the two lines make with 
each other, and the angles which they form with the co-ordi 
nate axes, are entirely independent of the distances an.! 
it follows, that the coefficients in the last equation will be in- 
dependent of the values which may be attributed to / and 

But this equation will be true whatever values may be at 
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tributed to 'H and t*'' : hence, the coefficients of the like 
powers of 'H and must be separately equal to (Alg 
Alt. 208). 

This condition will give 

COS* J!r+ cos« Y+ cos'Z = 1, cos« jr+ cos* Y'+ cos^Z'=l, 
and cos V = cos X cos X! 4- cos Y cos Y' + cos Z cos Z', 

The first two equations prove the same property as was ^ 
proved in (Prop. I, Sch. 4), and employed in the first part of 
this proposition. The third equation gives the same value for 
cos V as before found. 

The second method of determining the cosine of the angle 
included between the lines, affords a striking and elegant ap- 
plication of the method of indeterminate coefiicients. 

Scholium 1 . Having found the cosine of the angle included 
between two lines in terms of the angles which they form 
with the co-ordinate axes in space, we shall, in the next -place, 
find the same value in terms of the angles which the projec- 
tions of the lines on the co-ordinate planes ZX^ YZy form 
with the axis of Z, 

The equations of the parallels 
through the origin, are 

x — aZy y = hzy 

X = dzy y = Vzy 

Let us designate the co-ordi- 
nates of the point P , on the first 
line, by a/, 2/, we shall then have 

a/ = azf, j/ = ty, 

and for the value of 
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From these three equations we find, 



But we have already found (Prop. I, Sch, 4), 

a/ = r^cosX^ y' = /cosy, 2/ = r'cosZ, 
Substituting these values and dividing, we obtain 

a b I 

cos X=z — , cosF=-7====, co8Z=- 



If we reason in the same manner on the equations of the 
second straight line, we shall find 



Vr+^i-fb^ Vl+o'S+ft'i Vi+«^+6« 

If these values be now substituted in the equation which 
gives the value of cos F, it will reduce to, 

cos F=- 



± ^l + a» + 6« ' 

The cos V will be plus or minus, according as we take 
the signs of the radicals in the denominator, like or unlike. 

The plus value of cos V will correspond to the acute 
angle, and the minus value to the obtuse angle. 

Scholium 2. It is evident that the angle which a straight 
line forms with the axis of either of the co-ordinate planes, is 
the complement of the angle which the line forms with the 
plane itself. Hence, if we designate the angles which the 
first line forms with the co-ordinate planes, respectively, by 
M, ufy uf^f we shall have 
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we make V = 90°, the cos V will become ; and hence, 

which is the equation of condition by which two right lines 
are rendered perpendicular to each other in space. 

Scholium 4. If we mjke V = 0, the two straight lines 
will become parallel ; and the equation will become 

dtl^ ' l + flg^+fcy 

Squaring both members, clearing the equation of fractions, 
and reducing, we obtain 

(a'- ay + (y- by + (flV- a'by = 0. 

Each term, in the first member of this equation, being a 
square, will be positive ; and hence, the equation can only be 
satisfied when the terms are separately equal to 0. These 
conditions give 

af=zay 6'= 6, and ai/=:a^b; 

but the third is a dependant condition, being a consequence 
of the first two. 

The first two conditions require, that the projections of the 
lines on each of the co-ordinate planes ZXy YZ, be parallel 
to each other : and hence, they cause the lines to be parallel 
in space. These conditions are the same as determined in 
(Prop. IV). 

Scholium 5. If we s ippose either of the lines, the second 
for example, to coincide in succession with each of the co- 
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ordinate axes, the angle V will, under each supposition 
become the angle which the first line forms with one of the 
axes. 

Let us suppose, in the first place, that the second linOi of 
wliich the equations are 

X = afZf y = Vzy 

is made to coincide with the axis of Z, of which the equa* 
tions are 

xr = 0, y = 0, f indeterminate. 

Introducing these values into the equations of the lino, 
we have 

= a';p, = I/z; 
and since z is indeterminate, 

af=Oy and I/=0. 

If these values be substituted in the value of cos F, we 
shall have, 

cos V= , — — = cos Z 

Let us now suppose the second line, whose equations can 
be put ur.der the forms 

1 V 

to coincide with the axis of X, of which the equations are 
2: = G, y = 0, X indeterminate. 

Introducing these values into the equation of the line, we 
find 

1 . . V ^ 
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The general value for the angle may be placed under the 
form 

COS F = 



hence, 



cos F = -7==== = cos X 
-/l + a« + 6« 

In a similar manner we may find 

cos V= ^ = cos Y. 

-/ H- a* + 6* 

These values agree with those before found, and the sum 
of their square is equal to imity. 



PROPOSITION VI. PROBLEM. 



To find the conditions which will came two straight lines 
to intersect in space, and to find the co-ordinates of their 
point of intersection. 

Let x=zaz +», i/=bz 

and a? = + yz=zVz + 

be the equations of the lines, in which we will at first sup- 
pose the arbitrary constants to be undetermined. 

Tf these lines intersect each other in space, they must have 
one point in common, anJ the co-ordhiates of this point will 
satisfy the equations of both the lines. If we designate the 
co-ordinates of the common point by a/, j/y 2/, we shall have 



a/= az^ + «, 
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Eliminating sd and %f firom these eqaati(»is, we find 

(o-a')a'+«-ar=0, (6-yy+/»-/»'=0: 

and if 2/ be eliminated firom the two last equations,, we have 

(a _ - - (. - - = 0, 

which is called the equation of conditioUy since it must 
always be satisfied in order that the two straight lines may 
intersect each other. 

There are eight arbitrary constants entering into this equa- 
tion. It may therefore be satisfied in an infinite nimiber of 
ways. Indeed, if values be attributed at pleasure to seven 
of the constants, such a value may, in general, be found for 
the remaining one as will satisfy the equation, and conse- 
quently cause the lines to intersect each other. 

Let us now consider the second part of the proposition, 
viz.: to find the co-ordmates of the point of intersection 
when the lines meet each other. We find firom the previous 
equations 

and 0/=^!^, 



These values of the co-ordinates of the point of intersec 
tion become infinite when 

a =(/ and b^V ; 

but these conditions cause the lines to become parallel to 
each other, and hence, their point of intersection ought to be 
at an infinite distance from the origin of co-ordinates. 
If j'e have, at the same time, 

and i8'=e, 

the co-ordinate of the point of intersection will become -^i 
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or indeterminate ; as indeed they should do, since the two 
hnes would then coincide throughout their whole extent 

Scholium 1. The condition of intersection 

(a _«')(/» - /»')-(- - ^)ib - y) = 0, 

is independent of the condition 

l-f-aa'+iy=0, 

which causes two straight lines to be perpendicular to each 
other in space. The second condition may, therefore, be 
satisfied independently of the first ; and hence, two straight 
lines may be perpendicular in space without intersecting. 

Scholium 2. The same principles may be readily em- 
ployed in determining the intersection of two curves given 
by their projections. 

Let 4z* — 8z + a?«-2a?= — 4, (1) 

4;r^-8^r + y«-4y= -7, (2) 

be the equations of one of the curves, and 

3r«-2z-2a7= -3, (3) 

z^-2z^2y=-'5y (4) 

the equations of the other. 

If we combine the first and third equations by eliminatmg 
z, the resulting equation will determine the abscissas of all 
the points common to the two curves ; and it may also give 
values of x which do not correspond to points of intersection. 
To determine which of the roots correspond to points of in- 
tersection, let each be substituted, in succession, in equations 
(1) and (3), and those which give equal values of z in the 
two equations, will correspond to the points in which the pro- 
jections of the curves intersect each other, and the ordinate t 

ot the points of intersection will thus become knovni. 
18 
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Combine^ in a similar manner, equations (2) and (4)9 and 
find the values of the ordinates in which the projections 
ot the curves on the plane of YZ intersect each other. 

Then compare the values of z found for the projections on 
the co-ordinate plane ZX with those found for the co-ordi- 
nate plane YZ, and all the equal values will indicate the 
points at which the curves intersect in space. For, in order 
that two curves may intersect in space, it is not only neces- 
sary that their projections intersect each other, but the 
corresponding points of intersection must lie in the same 
perpendicular to the common intersection of the two planes 
on which their projections are made : and hence, the ordi- 
nates of these points, estimated in parallels to this axis, must 
be the same for the four curves into which the given curves 
are projected. 

In eliminating z from 
equations (1) and (3), we 
find in the resulting equa- 
tion 

which gives 

a?=-3-|-Vl7, 
and a? = — 3 — VTl. 

We see, at once, that the negative root will not Wve real 
values for z in both equations ; and hence, it does not cor- 
respond to a point of intersection. The plus value being 
substituted, gives the same value for z in the two equations, 
and theiefore corresponds to points of intersection. 

If we now combine equations (2) and (4), and eliminate z, 
we shall find 

V=-2-^\/T7, >nd y=-2--/r7, 
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in which the negative root is again to be rejected, and the 
positive root gives the same values for z in equations 
and (4) as already found in equations (1) and (3). Hence, 
the curves intersect each other in two points, of which the 
co-ordinates are 

a?=-3+Vl7, y=-2+Vl7, «=l + y--8+2VT7, 
and 

a?=-3+VT7, y=-2+'v/T7> 2:=l-y ~8+2VT7. 

Scholium 3. There is yet another method of determining 
the points of intersection of two curves given by their projec- 
tions, and which, in a purely analytical sense is more elegant 
than the one just considered. It will, however, in its practical 
applications, generally be found more difficult. The method 
is this : 

If we eliminate x from equations (1) and (3), the result 
ing equation will be expressed in terms of z and constant 
quantities. If y be eliminated from equations (2) and (4), 
the resulting equation will, in like manner, be expressed in 
terms of z and constants. 

If we now find the greatest common divisor of these two 
equations and place it equal to 0, the roots of the equation 
thus obtained will give all the values of z, which will satisfy 
at the same time the four equations that represent the projec- 
tions of the given curves ; and it may, also, give other roots. 
Substitute these roots, in succession, in each of the four 
equations, and any root that will give for x real and equal 
values in equations (1) and (3), and for y real and equal 
values in equations (2) and (4), will correspond to a point of 
intersection of the curves in space. 

The last method has this advantage over the other. It 

explains the manner of causing two curves to intersect each 
18* 
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other when values can be assigned at pleasure to the arbitrary 
constants which determine their position in space. For, ii 
the constants are undetermined such values may b» attributed 
to them as shall not only give a common divisor in but as 
will, also, cause the roots of that common divisor, when it is 
placed equal to 0, to fulfil the other conditions of intersection 

Of the Plane. 

The equation of a plane is an equation expressing the rela- 
tions between the co-ordinates of every point of the plane. 

PROPOSITION VII. PROBLEM. 

To find the equation of a plane. 

A line is said to be perpendicular to a plane when it is 
perpendicular to every line passing through its foot and l)ring 
in the plane : and conversely the plane is said to be perpen 
dicular to the line (Geom. Bk. VI, Def. 1). 

A plane may, therefore, be generated or described by 
drawing a line perpendicular to a given line, and then permit- 
ting the perpendicular to revolve about the point of intersec- 
tion. If the perpendicular be at right angles to the given line, 
m all its positions, it will describe a plane surface. 

Let a? = 02: + y = 6/ + /8| 

be the equations of a given line. 

If we designate the co-ordinates of a particular point by 
a/, y', 2^', the equations of the line passing through this point, 
will be. 
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The equations of a perpendicular passing through the given 
point, of which the co-ordinates are a/, 2/, are 

a? — a/ = 6/(z — jz/), 

But the equation of condition which causes two lines to be 
at right angles is 

1 + 00^+6^ = 0. 

li we now attribute to a! and V all possible values 
which will satisfy this equation, we shall have, in succession, 
all the perpendiculars which can be drawn to the given line 
through the given point of which the co-ordinates are a/, ^,2/, 
and these perpendiculars determine the plane. 

It is necessary, however, to find the equation of the plane 
in terms of the co-ordinates of its different points. Wo find 
from the equations of the perpendicular 

z — r z — 2/ 

Substituting these values in the equation of condition, 

l+oo' + 6y = 0, 

and reducing, we find 

ar — /+a(a? — a/) + 6(y — y') = 0: 

but, since o, 6, 2/, a/, are knovm quantities, we may 
represent the constant part of the equation by a single letter, 
by making 

— 2/ — oa/ — fty'rs — c; 
hence, the equation of the plane becomes 
z + oa? + 6y — c = 0. 
Scholium 1. Since the equation of the plane contains 
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three variables we may assign values at pleasure to two of 
them, and the equation will then make known the value of the 
third. For example, if we assign known values a/ and 
to X and y, the equation of the plane will give 

and hence the co-ordinate z becomes known. 

Scholium 2. The lines in which a plane intersects the 
co-ordinate planes, are called the traces of the plane. These 
traces are found by combining the equation of the plane with 
the equations of the co-ordinate planes. 

Thus, if in the equation 

« + aa? + 6y — c = 0, 

we make y = 0, which is the 
characteristic of the co-ordi- 
nate plane Z-Y, the resulting 
equation, 

z + oa? — c = 0, B 

will designate the trace CD common to the two planes. The 
equation may be placed under the form 

z=i — ar-fc; 

and hence, the trace may be drawn. Or if we make, io 
succession, 

0? = Oy and z^O^ 

we shall find 

2r = c = ilA and ^ = — = AC, 

a 

and the trace may then be drawn through the points C and D. 
We likewise find, for the trace BD^ 
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and for the trace jBC, y = — + — . 

b 

We also find AD = c by fhaking y = in the equation 

of the trace BD, and AB = — by making a? = in the 

equation of the trace jBC, or by making 2; = in the equa 
tion of the trace BD, 

By comparing the equations of the traces with the equation 
m Bk. II, Prop. II, we see that, 

— a is the tangent of the angle which the trace CD 

makes with the axis of X: 

— i, the tangent of the angle which the trace BD 

makes with the axis of Y : and 

— ^, the tangent of the angle which the trace BC 


makes with the axis of X, 
Scholium 3. The equations of the straight line, to which 
the plane has been drawn perpendicular, are 

and the equations of the traces 
CD, BD may be placed un- 
der the form 

1 , c 1 . c 

a a o 

By comparing the coeffi- 
cient of in the equation of 
the projection of the line on 
the co-ordinate plane ZX, with the coefficient of z in the 
equation of the trace CD, we find that their product plus unity 
is equal to : hence, the lines are at right angles to each 
other. The same may be shown for the trace jBD, and the 
projection on the plane YZ ; and also for the trace jBC, and 
the projection on the plane YX, 
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This verifies a well known property, viz.: If a line be 
perpendicular to a plane in space, the projections of the line 
will be respectively perpendicular to its traces. 

Scholium 4. The equation of a plane may be written 
under the form 

Ax + By+Cz + D = 0, 

in which A, B, C, and are constant for the same plane, 
but have different values when the equation represents dif- 
ferent planes. The coefficients A, B, and C, are functions 
of the angles which the traces of the plane form with the 
co-ordinate axes, and i) is a function of the distances from 
the origin to the points in which the plane cuts the co-ordi- 
nate axes. If the plane passes through the origin of co-ordi- 
nates, its equation takes the form 

Ax + By + Cz^O. 

The plane whose equation is 

Ax + By + Cz + D=^0, 



may be readily constructed by finding its traces on the co 
ordinate planes, which is done by making the variables a?, j, 
and z equal to in succession : we have for the trace CjD, 
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Scholium 5. If the plane 
is perpendicular to the plane 
YX, its trace CD, will be 
parallel to the axis of Z : and 
hence, the tangent of the an- 
gle which it makes with Z 
will be : this will give 

and consequently C = 0. 

Substitutiiig this value in the equation of the plane, and 
it becomes 

Ax+By + D = 0. 

If the plane be perpendicular to ZJST, we shall find, by- 
similar reasoning, jB = 0, and the equation of the plane 
will reduce to 

Ax+ Cz + D = 0. 

If we suppose the plane to be perpendicular to the plane 
YZy we shall find A = 0, and the equation of the plane 
will become 

Bi/ + Cz + D=zO. 



PROPOSITION VIII. THEOREM. 

Every equation of the first degree, between three variables^ 
IS the equation of a plane, 

A plane is a surface, in which, if two points be assumed at 
pleasure, and connected by a straight line, that line will lie 
wholly in the surface (Geom. Bk. I, Def. 6). If then, it be 
proved that this property belongs to the geometrical magni- 
tude represented by the general equation of the first iegree 

Ax + By + Cz + D = 0, 

it will follow that that magnitude is a plane. 
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Let a? = + «, y = fcjr + /a, 

be the equations of a straight line, and suppose a/, y', 2/, to 
designate the co-ordinates of a point common to the line and 
surface. These co-ordinates will tHen satisfy the equations 
of the line and surface, and we shall have 

Also Aa/+ Bi/+ C2/+ D = 0. 

Eliminating a/, y', from these three equations, and we 
obtain 

{Aa + Bb+ C)s/+A»+Bfi + D = 0, 

which is the equation of condition that establishes a conmion 
point between the line and given surface. 

If we suppose y'^, to designate the co-ordinates of 
a second point common to the line and surface, we shall find 

{Aa + Bb+C)z^^+A» + Bfi + D=zO, 

for the equation of condition. 

Now, since these two equations of condition are true, 
whatever be the values of 2/ and 2/', it follows (Alg. Art. 
208) that, 

Aa + Bb+C = 0, and A» + Bfi + D = 0; 

and these are the equations of condition which cause two 
points of the straight line to be common with the surface. 

Let us now take a third point of the straight line, and 
designate its co-ordinates by o/^', 2!''. 

If the co-ordinates a/^', y^'^ 2/'', will satisfy the equation 
of the surface, this third point will also be on the surface, 
But the equation of condition which will fix it in the surface, is 
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and this equation will be satisfied for any value of zl''^ by 
virtue of the previous conditions. 

Hence, if a straight line have two points in common with 
the surface represented by the general equation of the first 
degree between three variables, it will coincide with the sur- 
face, and consequently that surface is a plane. 

PROPOSITION IX. PROBLEM. 

To find the equation of a plane which shall pass through 
three given points. 

Let a/, y, z', a/^ a/^ z"'' 

be the co-ordinates of the given points. 

The equation of the plane will be of the form 

Ax + By+Cz + D=:0, 

and it is required to find the values of A, B, and C, in terms 
of the co-ordinates of the given points. 

Since the plane must pass through the three points, we 
shall have 

Aa/ +Bi/ +Cz^ +J5 = 0, 
Aa/' + Bt/' + Cz'' +D = 0, 
Aa/''+ Bt/''+ 02^''+ D = 0. 
md placing the equations under the form 
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AS C 

We can readily find the values of — , — , and in 

terms of the given co-ordinates. We find 

in which A', B\ (7, are fiinctions of the co-ordinates of the 
given points. 

Substituting these values in the equation of the plane, and 
dividing by D, we obtain 

A^x + B'i/+az+ I =zO, 

for the equation of the plane passing through the three given 
points. 

Scholium. If one of the points be at the origin of co 
ordinates, the equation of the plane will take the form ^ 

A''x + B''y+a'z=zO. 

PROPOSITION X. PROBLEM. 

To find the equations of the intersection of two planes. 

Let Ax + By + Cz + D =0, 

A'x + B'y+az + iy==0, 

be the equations of the two planes. 

If the given planes intersect, the co-ordinates of their line 
of intersection will satisfy at the same time the equations 
of both planes. 

Combining the two equations, and eliminating we obtain 

(AC- A'C)x + {BO-^ B'C)y + (DC- JVC) = ; 

which is the equation of the projection, on the plane of Y!X, 
of the line in which the planes intersect each other. 

We may find, in a similar manner, the equation of the pro- 
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jection of the intersection on the co-ordinate plane YZ, and 
also on the co ordinate plane ZX. 

Scholium. The method, which has just been explained, 
of determining the intersection of two planes, may be applied 
to any two surfaces whatever. For, the co-ordinates of the 
line of intersection, which is common to the two surfaces, 
will satisfy, at the same time, the equations of botli surfaces. 
Hence, if the equations be combined, under the supposition 
that the co-ordinates are equal to each other, and one of the 
variables be eliminated, the resulting equation will be the 
equation of the projection of the intersection on one of tlie 
co-ordinate planes; and by eliminating each of the other 
variables in succession, the equations of the projections on 
the two other co-ordinate planes may be determined. 

PROPOSITION XI. PROBLEM. 

To find the conditions which will came two planes to be 
parallel to each other. 

Let Ax'\'By+Cz+Dz=zO, A^x+By+Oz+UzzzO 

be the equations of the planes. 

If these planes are parallel to each other, their traces on 
the co-ordinate planes will be respectively parallel. 

We shall therefore have the following conditions (Prop. 
VII, Sch. 4), 

i^^E, i:-^ 
C^O' CO' B~B' 

in which we see, that either two of the conditions will give the 
third ; and hence, if the traces be parallel on two of the co-ordi- 
nate planes, they will necessarily be parallel on the other, unless 
the planes were both parallel to the intersection of the co-ordi- 
nate planes, in which case, they might or might not be parallel. 

Scholium. The relations which exist between the coeffi- 
cients A, By Cy A'y By Oy whcu tho two planes are parallel 
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to each other, may be deduced from the equation (Prop. X) 
(A (7- A'C)x + (fiC- B^C)y + (DC- UC) = 0, 

of the intersection of two planes. 

If this equation be satisfied, the two planes will intersect 
each other, for the projection of their intersection can be con- 
structed. If, however, this equation be not satisfied, that is, 
if it be rendered untrue, the projection of the intersection can 
not exist : in this case the planes cannot intersect, and there 
fore they must be parallel. 

If now, we make 

AC'-A'C = 0, and 5C7-B'C = 0, 

the first two terms will reduce to ; but these supposition! 
do not necessarily reduce the absolute term, DC — ZKC to * 
hence, they will render the equation untrue, and therefore will 
cause the planes to be parallel. 
We deduce from these equations of condition, 

the same conditions as before found. 

PROPOSITION XIL PROBLEM. 

To find the conditions which will cause a straight line to he 
parallel to a plane. 

Let a? = a2r + -s y = hz + l^ 

be the equations of the line, and 

Ax + By + Cz + D-0, 

the equation of the plane. 

If a parallel line and a parallel plane be drawn through 
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the origin of co-ordinates, their equations will be 

and Ax + By+Cz^ 0. 

Now, if the first line be parallel to the first plane, the line 
through the origin of co-ordinates will coincide with the plane 
through the origin: and conversely, the condition which 
causes the line and plane drawn through the origin to coin 
cide, will cause the first line and plane to be parallel to each 
other. 

But the line and plane drawn through the origin will coin- 
cide (Prop. VIII) when 

Aa + jB6+C = 0; 

hence, this condition will cause the line and plane to be par- 
allel to each other. 

. Scholium. This condition may also be deduced by sup- 
posing the line to intersect the plane. 

For, if we suppose the line to pierce the plane, the co- 
ordinates of the common point will satisfy the equations of 
the line and plane. Combining them, and eliminating x and 
y, we find 

A» + B^ + D 

Aa + Bb+C 

But if we make 

Aa + Bh + C-0, 

the value of z will be infinite, and if the co-ordinates of the 
point of intersection are infinite, the line will be parallel tt 
the plane. 
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PROPOSITION Xra. PROBLEM. 

To find the conditions which will cause a straight line to he 
perpendicular to a plane. 

Let x=az + »^ j/=zbz + p, 

be the equations of the line, and 

Ax + By+Cz + D=:0, 

be the equation of the plane. 




But since the projections of the line must be respectively 
perpendicular to the traces of the plane (Prop. YII, Sch. S), 
we shall have 

ax--j + l = 0, 6x-^ + l = 0, 

which gives 

A — aCf and J? = 6C, 
and these are the required conditions. 
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PROPOSITION XIV. PROBLEM. 

T o draw from a given point a line perpendicular to a given 
plane, and to find the length of the perpendicular. 

Let (P, be the given 
point, of which the co-ordi- 
nates are a/, zf^ and let 




Ax-\'By+ Cz + D=zO, 

be the equation of the given 
plane. 

The equations of a line 
passing through the given point are, 

If we make 

iy=: Aa/+ By^+ Cz^+ A • 

the equation of the given plane may be placed under the form 

A(a?-a/) + 5(y-j/)+C(z-z') + iy=0. 

If we now suppose the line to intersect the plane, the co- 
ordinates of the common point, which we will designate by 
a/\ y", zl', will satisfy the equations of the line and plane, 
and by combining them, we shall have. 



Aa + Bb+C 

aiy 

' Aa + Bb+C^ 



J bU 
^ Aa + Bb+C* 



19 
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But the conditions which cause the line to be perpendica- 
lar to the plane, give 

Substituting these values, and we obtain 

ciy 



a>'-a>= 



BU 



But the distance between the two points, of which the 
co-oidinates are a/', y", z", and a/, i/, 2/, is, 

V {a/'-a/y + {y"- t/f + [zf'- zff ; 
and if we designate this distance by we have 

or by substituting for U its known value, 



P = 



Scholium, If the given point falls on the plane, its co- 
ordinates a/, t/i will satisfy the equation of the plane. 
Under this supposition the numerator in tlie value of P will 
reduce to ; and hence, P will become 0, as it should do 
wnen the point falls on the plane. 
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PROPOSITION XV. PROBLEM. 

To find the angle included between two planes. 
Let Ax +By +Cz +D = 0, 

aiid A^x + B^y+Cz + iy—O, 

be the equations of the two planes. 

From any point in space draw two lines, respectively per- 
pendicular to the given planes. The angle included between 
one of these lines, and the prolongation of the other, will be 
equal to the angle included between the planes. 

The equations of the two perpendiculars will be of the 
form 

x = az +», yz^bz 

x = afz + a^y y = Vz + fi\ 

But if these lines are respectively perpendicular to the 
planes, we shall have 

A = aC, B = bC, A'=ara, B^VO. 

If we now designate the angle included between the lines, 
which is the same as that included between the planes, by F, 
we shall have (Prop. V, Sch. 1), 

\ + ac^+bU 

cos r — • 

if we substitute for c, h, of, their values, we have 

cos r — i 

Scholium 1. The sign + or — may be attributed to 

the radical's in the denominator, and hence, the value of 

cos V may be cither positive or negative. The positive 
19* 
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value will correspond to the acute, and the negative value to 
the obtuse angle. 

Scholium 2. The value of cos V is independent of D 
and ly. Indeed, it ought not to depend upon them, since 
the distances cut off from the corordinate axes may be varied 
at pleasure, without affecting the inclination of the planes. 

Scholium 3. If the two planes are perpendicular to each 
other, we shall have cos F= 0, and 

Scholium 4. If we now suppose one of the planes, the 
second for example, to coincide in succession with each of 
the co-ordinate planes, the corresponding values of V will 
express the angles which the first plane makes with the co- 
ordinate planes, respectively. 

If we suppose the second plane to coincide with the co- 
ordinate plane YX, of which the characteristic is = 0. the 
equation of the plane will reduce to 

and since this equation is true for all values of a? and y, we 
have 

>l'=0, and B'z=0. 

If we designate by the angle formed by the planes, we 
shall have 

cos F'= -===£=. 

If we designate by and F'^' the angles which the 
first plane forms with the co-ordinate planes ZX^ YZ, we 
shall find 

B A 
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If we square the three values of cos F, cos V^' cos, F", 
and add, we find 

cos^r + cos2F'+ cos^F''= 1 ; 

that is, the sum of the squares of the cosines of the three 
angles which a plane forms with the three co-ordinate planesy 
is equal to radius square or unity. 

Scholium 5. If we now suppose the first plane to coin- 
cide, in succession, with each of the co-ordinate planes, and 
designate by I/, W\ the angles formed by the second 
plane, with the co-ordinate planes, we shall find 

cos l/=i . ^ — cos Z/^=— = ===, 

COS U"^-==M==. 
If in the equation 



cos Y = 



we substitute the values of -4, B, C, A!^ B\ which may 
be found from the foregoing equations, we shall find 

cos F= cos V cos 17+ cos cos W+ cos F^' cos W\ 

which last equation expresses the cosine of the angle included 
between two planes, in terms of the angles which the planes 
fonn with the co-ordinate planes. 

PROPOSITION XVI. PROBLEM. 
To find the angle included between a straight line and plane 

Let a? = + «, i/=zbz + Pf 

be the equations of the line, and 

Ax + Bt/+ Cz + D-0, 
the equation of the plane. 
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The angle included between a line and plane, is repre 
sented by the angle included between the line and its projec 
tion on the plane. If, therefore, from any point of the given 
line a perpendicular be drawn to the plane, the angle which 
it forms with the given line will be the complement of the 
required angle. 

Let x-dzArJy yzriVz^ff^ 

be the equations of the perpendicular. The cosine of the 
angle which it forms with the given line is expressed (Prop. 
V, Sch. l)by 

1 + + fey 

VT+a«+^ Vl + a'* + y** 

But since the second line is perpendicular to the plane, 
we have 

C C 

Substituting these values, and representing the angle sought 
by F, we obtain 

sm Y = , — ==r — ==» 

Scholium. If we suppose the line to become parallel to 
the plane, we shall have F = 0, and consequently sin F=0: 
and hence, 

Aa + jB6+C = 0, 
the same condition as before found. 

Examples on the last Book. 

1. What is the distance between two points, of which the 
co-ordinates are 

a/=6, y=5, 2/=-3; a/'= - 1, ^'=0, z''=5. 

Ans. 11.18. 
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2. The equations of the projections of a straight line on 
the co-ordinate planes ZX, YZ, are 

a? = 2r+l, y = ^z-2, 

required its equation on the plane YX. 

Arts, 2y = a?--5. 

3. Required the equations of the three projections of a 
straight line which passes through the two points whose 
co-ordinates are, 

a/-2, y= 1, ^^=0, and a/'= - 3, j/'= 0, z^'^ - 1. 

Ans. x = 5z + 2f y==2r+l, 5y = a? + 3. 

4. Required the angle included between two lines, whose 
equations are 

Arts. 140 68^ 

5. Required the angles which a straight line makes with 
the co-ordinate axes, its equations being 

0?= —22:+ 1, 

y= 2r + 3. 

r 1440 44' with X, 
Ans. I 650 64' with Y, 
t 66^64' with Z. 

6. Having ^ven the equations of two straight lines, 
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required the value of fi so that the lines shall intersect each 
Other, and to find the co-ordinates of the point of intersection. 

U= 4. 

7. To find the equations of a line that shall pass through a 
point, of which the co-ordinates are 0/= — 2, y'= 3, 6, 
and be perpendicular to the plane, of which the equation is 

2a?+8y — — 4 = 0. 

ty=:— 8z + 43. 

8. To find the equation of a plane which shall pass through 
the three points, whose co-ordinates are 

Ans. 9a:+19y-|-15z — 1 = 0. 

9. To find the equations of the intersection of two planes, 
of which the equations are 

3a? -f- 8y - lOz + 6 = 0, of the 1st, 

and 4a? — 8y-f-ar +1 = 0, of the 2d. 

Ans \ 7a7-92: + 7 = 0, 

U6y-43z + 21 = 0. 

10. To find the traces of a plane whose equation is 

a?-9y+ll2:-12 = 0. 

11. To find the length of a line drawn from a point, whose 
co-ordinates are a/=2, y'=— 3, «^=0, and perpendicular 
to a plane whose equation is 

8«? + 9y-2; -1-2 = 0. 

Ans. 
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12. To find the angle included between two planes, whose 
equations are 

5x^7y + Sz + l = 0, of the Ist, 
and 2x+ y-^Sz =0, of the 2d. 

Ans. 100^ 08'. 

13. To find the angle which the plane, whose equation is 

5a?— 7y + 3z+ 1 =0, 

makes with the co-ordinate planes. 

r 70° 46' with the plane Xy, 
Ans. < 140° 12' with the plane ZX, 
i 56° 43' with the plane YZ. 

Transformation of Co-ordinates in Space. 

The transformation of co-ordinates in space, consists in 
finding the relations which exist between the co-ordinates of 
a series of points referred to two different systems of co- 
ordinate planes. We shall find, that in space, as well as in 
the plane (Bk. II, Prop. XIV, Sch. 2), the primitive co-ordi 
nates of any point are expressed in terms of the new co- 
ordinates of the same point, the directions of the new axes« 
and the co-ordinates of the new origin. 

PROPOSITION XVn. PROBLEM. 



To find the formuUiLs for passing from a system of co* 
ordinate planes at right angles to each other, to a new 
system of co^dinate planes. 
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Let (P, P') be any point in 
space, of which the co-ordi- 
nates are 

AD=x, PD=y, P'D^z. 

Through the origin A draw 
three new axes, AX'^ AY\ 
AZ\ Through the point 




(P, P^, draw a line parallel ^ 
to the new axis of and tlurough Q, the point in which the 
parallel pierces the plane JPY\ draw QP" parallel to the 
axis r. Then will AF'=a/, QF'=i/, FQ^zf, be the 
co-ordinates of the point (P, P\ referred to the new system 
of co-ordinate planes. 

Through the three points, Q, P', let three planes be 
passed parallel to the plane YX. It is now evident that the 
distance from the co-ordinate plane YX to the first parallel 
plane will be the projection of AP^^ or a/ on the axis of Z; 
the distance between the first and second planes, tlie projec- 
tion of y on the axis of Z, and the distance between the 
second and third, the projection of on the axis of Z. It 
is also plain, tnat tne sum of the three distances will be 
equal to the co-ordinate z of the point (P, PO, referred to 
the primitive system of co-ordinates. 

. If we designate by Z, Z\ Z^\ the three angles which the 
new axes A' , Z*, make respectively with the priniitive 
axis of Z, we shaii have 

ar = a/ cos Z 4- y' cos Z'+zf cps Z". 

If we designate by X, -T, X' the three angles which the 
new axes make, respectively, with the primitive axis of JY, and 
by y, y, the three angles which the new axes make, 
respectively, with the primitive axis of Y, we may find, by a 
course of reasoning entirely similar to the above, 
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x^a/ cosX+i/ cos JT+V cos ) 

y = a/ cos Y + / cos T+z" cos [ (1). 

2; = a/ cos Z + / cos + cos Z^' ) 

Scholium 1. If we suppose, at the same time, the origin 
to be changed, and designate the co-ordinates of the new 
origin by a, 6, c, the equations will become 

x = a + a/ cos X+i/ cos J17+ cos X\ 
y = 6 + a/ cos Y + y' cos Y^+^cos Y''^ 
2r = c + a?' cos Z + y cos Z^+ 2/ cos Z''. 

Scholium 2. If the new axes are parallel to the primitive 
axes, the equations for transformation will become 

Scholium 3. We may consider each of the new axes as 
forming three angles with the primitive axes of X, Y, and Z; 
and since these axes are at right angles to each other, we 
shall have (Prop. I, Sch. 4), 

cos'X + cos'Y +''cos'Z =1 ) 
cos^'X + cos^T + cos'Z^ = 1 > (2), 
cos^X' + cos^ + cos'Z^' =13 . 

Scholium 4. The angles which the new axes form with 
each other are yet undetermined. Let us designate by 

V the angle formed by JT and F, 
U the angle formed by Y' and Z', 
W the angle formed by Z' and X. 

Since the angles which the new axes form with the primitive 
axes have already been designated, we shall have (Prop. V), 

cos Y = cos X cosX + cos Y cos Y' + cos Z cos Z' \ 
cos U= cos Xcos.X'+ cos Ycos cos Z^cos Z'' J (3). 
cos TV = cos X cos jT^^-i- cos Y cos Y^^ 4- cos Z cos Z^' ' 
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Scholium 5. In passing from one system of co-ordinate 
planes to another we introduce the angles which each new 
axis makes with the primitive axes. The formulas for trans- 
formation will therefore contain nine arbitrary constants, and 
if the origin be changed at the same time, they will contain 
twelve. 

Now, if the angles which the new axes make with the 
primitive axes are known, the coefficients of a/, y', 2/, in 
equations (1), will be known, and the angles which the new 
axes form with each other may be found from equations (3). 

If, however, the new axes are to be so chosen as to fulfil 
particular conditions, these conditions will be expressed by 
assigning suitable values to the co-ordinates of the new origin, 
and the angles which the new axes form with the primitive. 
Suppose, for example, it were required that the new axes 
should be at right angles to each other : we should then have 



cos V= cos X cos + cos ¥ cos + cos Z cos = 
cos U= cos X cos X^+ cos F cos T'+ cos cos Z'^= 
cos cos X cos cos Y cos cos Z cos Z''= 



cos 7 = 0, 

and consequently 



cos 17=0, 



cos T7 = 0, 



Z 



Scholium 6. Let us sup- 
pose it were required that the 
new axes X\ Y\ should fall 
in the primitive co-ordinate 
plane YX, and that the new 
axis of Z^ should coincide 
with the primitive axis of Z. 




A 



These conditions will give y/ 
ZAZ'=0, ZAX =900^ 
U=90o, and 



ZAF=r90o, 

T7= 900 ; 
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and hence, cos Z''= 1, cos X!''=^ 0, cos : 

also, cos [7=0, and cos W=0. 

These values being substituted in the two last of equations 
(3), they become 

cos Z^=0, cos Z=0. 

If these' several values be substituted in equations (2), 
they become 

cos«2:+ cos«y=l, cos«jF+ co8«F=l ; 

and consequently we have 

cos Y= sin X, and cos Y^= sin X!. 

If these values be substituted in equations (1), they become 

a? = a/ cos -X"+ cos -X"', y = ^ sin X + xf sin XI, 

which are the formulas for passing from rectangular to 
oblique co-ordinates (Bk. II, Prop. XI). 

Of Polar Co-ordinates in Space. 

z 

Let (P, P) be any point in 
apace, and (AP, AP') a line pass- 
mg through it and the origin of 
co-ordinates. This line is called 
a radius-vector. 

Let us designate the radius- ^ 
vector by r, and its projection 

AP, on the co-ordinate plane YX, by Let us also desig- 
nate the angle which the radius-vector forms with the co- 
ordinate plane YX by w, and the angle which its projection 
AP forms with the axis of X by v. We shall then have 

as = / cos V y = / sin V, ar = r sin m ; 

also, r'=rcosw; 
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hence we have 

= r cos V COB tiy y = rmnv cos u, z = r sin « , 

these fonnulas may be applied to every point in space by 
ittributing suitable values to r, and v. 
In the equations 

of a straight line passing through the origin of co-ordinates, 
a and 6 represent the tangents of the angles, which the pro- 
jections on the co-ordinate planes ZX and YZ, form with 
the axis of and the values of the tangents are expressed by 

— =:a and = 6. 

z z 

If we divide the first and second of the last equations by 
the third, we shall obtain 

w cos V cosM y sin v cos u _ 



z smu z smu 

cos V cos u , sini;cosu 

hence, a = : > 6 = — : , 

smu smu 

and therefore the values of a and b may be found when the 
values of v and u are known. 
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BOOK IX. 

Of Surfaces of the Second Order 

1. The equation of a surface is an equation expressing the 
relation between the co-ordinates of every point of the 
surface. 

It has been shown (Bk. II, Prop. II), that every equation 
of the first degree between two variables, represents a 
straight line ; and in (Bk. VII), that every equation of the 
second degree between two variables represents a curve. 

It has also been shown (Bk. VIII, Prop. VIII), that every 
equation of the first degree between three variables represents 
a plane, and analogy would lead us to infer what will here- 
after be rigorously proved, viz : that every equation of the 
second degree between three variables represents a curved 
surface. 

2. Surfaces, like lines, are classed according to the degree 
of their equations. The plane, whose equation is of the first 
degree, is a surface of the first order, and every surface 
whose equation is of the second degree, is a surface of the * 
second order. 

3. The equation of a surface is its anal3rtical representa- 
tion, and although the equation determines the surface, yet it 
does not readily present to the mind its form, its dimensions, 
and its limits. To enable us to conceive of these, we intersect 
the surface by a system of planes, parallel, for example, to 
the co-ordinate planes. If then, we combine the equations of 
these planes with the equation of the surface, the resulting 
equations will represent the curves in which the planes 
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intersect the surface. These curves will show the form, the 
dimensions, and the limits of the surface. 

4. To give a single example let us take the equation 

a» + t/ + z'' = R'. 

Let us intersect the surface re- 
presented by this equation by a 
plane parallel to YJT, and at a dis- 
tance from it equal to c. The 
equations of the plane will be 

Combining this with the equation 
of the surface, and we shall have 

a^ + y« = J?«--c*, 

which is the equation of the projection of the intersection on 
the co-ordinate plane YX (Bk. VIII, Prop. II, Sch. 5). 
This equation represents the circumference of a circle whose 
centre is the origin of co-ordinates and radius -y/ iJ^ — • c*. 
The radius will be real for all values of c less than iJ, 
whether c be plus or minus. It is nothing when c is equal 
to JR, and imaginary when c is greater than R. Thus, in 
the first case, the intersection will be the circumference of a 
circle, in the second case it will be a point, and in the third it 
will be an imaginary curve ; or in other words, the plane will 
not intersect the surface. 

Since the proposed equation is symmetrical with respect to 
the three variables a?, y, and we may obtain similar results 
by intersecting the surface by planes parallel to the co-ordi- 
nate planes YZ and ZX. The co-ordinate planes inter- 
sect the surface in circles whose equations are 

a^ + y^:=zR\ ai' + z'^ = R\ y^ + z*-R\ 
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Taese results indicate that the surface whose equation is 

a?« + y« + 2;« = /i«, 

is the surface of a sphere ; but in order to prove it rigorously, 
it would be necessary to show that every secant plane would 
intersect the surface in the circumference of a circle. 

Of the Surface of the Sphere. 

6. The general equation of the surface of a sphere will 
express the condition, that every point of the surface is 
equally distant from the centre. 

6. Let us designate the co-ordinates of a fixed point by a/, 
t/j zf^ and the co-ordinates of a point whose position may be 
changed at pleasure, by a?, y, and z. If it be required that 
the second point shall be at a given distance from the first, 
and if we designate that distance by JJ, we shall have (Bk. 
VIII, Prop. I), 

(a?- a/)« + (y - l/y + {z^ zfy = R\ 

which is the general equation of the surface of a sphere, and 
in which, a/, y', zf^ are the co-ordinates of the centre, and 
ar, y, and z^ the general co-ordinates of the surface. 

7. If the centre be placed at the origin of co-ordinates, the 
equation will reduce to 

a?" + y* + 5?* = jR*. 

8. Let it be now required to pass a plane tangent to a 
sphere at a given point of the surface. 

Let a/'y y , 2r'', be the co-ordinates of the given point, and 

- xj + (y - + (z - = R\ 

the equation of the surface. 
20 
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Since the point of tangency is on the surface, we shall 
have 

which may be placed under the form 

The equation of a plane passing through the point whose 
co-ordinates are a/', z!'^ is 

A(a?-a/0 + 5(y-y'0+C(r-is'0 = 0. (2; 

If we now draw a line through the centre of the sphere 
and the point of contact, its equation will be of the form (Bk 
VIII, Prop. Ill), 

But if the plane is tangent to the sphere the radius will be 
perpendicular to it at the point of contact (Geom. Bk. VIII, 
Prop. VIII) : hence, we have (Bk. VIII, Prop. XIII), 

A=aC and 5 = 6G, 

that is. 

Substituting these values in the equation of the plane (2) 
and dividing by C, we obtain 

(a/'-a/)(ar-^0+(y"-y')(y-y")+(«"-«'X«-«")=o,(3) 

which is the equation of a plane perpendicular to a line 
passing through the points whose co-ordinates are 

^, y', ^, A 

But that one of these points may be the centre of a sphere 
and the otlier lie upon its surface, it will be necessary to 
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combine the last equation with equation (1). Adding these 
equations, we obtain 

{a/'-a/)[x + (y"- y')(y - .v')+(*"- zf) r^R*, 
which is the equation of the tangent plane. 

9. If the centre of the sphere be placed at the origin of co- 
ordinates, we shall have 

a/ = 0, ^^ = 0, and 2/ = 0, 

and the equation of the tangent plane will become 

Of Cylindrical Surfaces. 

10. A cylindrical surface may be generated or described 
by a straight line moving on a fixed curve and continuing 
parallel to itself in all its positions. The moving line is 
called the -generatrix^ and the fixed curve the directrix of the 
surface. 

11. If the directrix be a curve of single curvature, let its 
plane be taken for one of the co-ordinate planes. 

Let us suppose, for example, that the co-ordinate plane 
YX contains the directrix. The equation of the directrix 
will then be expressed in terms of the variables x and y and 
constant quantities. When the directrix is a known curve, 
the equation expressing the relations between x and y will 
be known. 

12. In order to obtain the general equation of a cylindrical 
surface, that is, an equation which may be applied to a cylin- 
der having any plane curve for its directrix, we place the 
equation of the directrix under the form 



F(^,y) = 0, (1) 
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which is read, funclion of equal to ; and the expres- 
sion implies that x and y are dependent on each other, and 
may be made to represent the co-ordinates of any cunre. 
The -equation of the generatrix will be of the form 

x = az + '9 t/ = bz + fi, 

from which we shall have 

mzsx-^aZf and fi=zi/^bz. (2) 

Now, since the generatrix continues parallel to itself, 
a and 6 will have the same values for every position which 
it assumes : but the values of « and will continually 
change as the generating line moves around the directrix. 

But since « and are the co-ordinates of the points in 
which the generatrix pierces the co-ordinate plane YX, 
(Bk. VIII, Prop. II, Sch. 4), and since these points must 
also lie on the directrix of the surface, the values of • and ft 
in equations (2), being substituted for x and y, in equation 
(1), must satisfy that equation. Making these substitutions 
we have 

F{x — az^y — bz) = 0, 

and this is the general equation of the surface of a cylinder. 

13. To apply this general equation to a particular case, let 
us suppose the directrix to be a circle having its centre at the 
origin of co-ordinates, and let us also 
suppose the generatrix of the surface 
to be oblique to the co-ordinate plane 
YX. 

The equation of the directrix, which 
ig of the form y 




F{x,y)^0, 



I 
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will become, by designating the radius by r, 

Substituting for x and y in this equation, the yalues of 
• and /8, we have 

(a? — azy + (y — bzf == r", 

which is the equation of the surface of an oblique cylinder 
with a circular base. 

14. If the base of the cylinder be an ellipse, of which 
the equation is 

Ay + B^x" ^ A^JP, 

we shall have 

y) = A Y + B V - A»5« == 0. 

And the equation of the surface will become 

A^{y-bzy + B\x^azy=:A^B\ 

which is the equation of a cylindrical surface having an 
elliptical base. 

15. If the generatrix becomes perpendicular to the co- 
ordinate plane YJC, we shall have 

a = 0, and 6 = 0, 

the axis of the cylinder will then coincide with the axis of Z 
and the equation of the surface will become 

ai*+y' = r*, 

for the circular base, and 

AV + B»a^ = AW 

for the elliptical base. 
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These last equations are the same as those for the corres- 
ponding directrices ; but there is this difference, that for the 
equations of the directrices we have the further condition of 

while in the equations of the surfaces z may have any value 
whatever; which shows, that every section of the surface by 
a plane parallel to the co-ordinate plane YX, is equal to the 
directrix. 



Equation of the Surface of the Cone. — Of the 
Sections of the Cone. 

16. A conical surface is that which may be described by 
the movement of a straight line constantly passing through a 
fixed point in space, and touching a given curve. 

The fixed point is called the vertex of the cone ; the curve, 
the directrix^ and the moving line, the generatrix of the 
surface. 

If the generatrix be prolonged in both directions, there will 
be two parts of the surface of which the vertex will be a 
conunon point : each of these parts is called a nappe of the 
cone. 

17. Suppose the directrix to be placed in the co-oidinate 
plane YX, and to be represented by the equation 

F(x,y) = 0. 

Let us designate the co-ordinates of the fixed point, through 
which the generatrix is to pass, by 4/, y, 1^.* the equations 
of the generatrix vrill then be of the form 

«-a/=ii(^-n v--f/=h{z^zf\ (1) 
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from which we have 



a? = az + (a/-a2;'), y^bz + {i/^bz!\ (2) 

^ ,=£5^. 6=^. (3) 

The terms (a/— azf) and — 62/), of equations (2), are 
the co-ordinates of the points in which the generatrix pierces 
the co-ordinate plane YX: hence, the equation of the surface 
will become 

F{af-^azf,t/--bzf)=^0, (4) 

m which a and b are constants for one position of the genera- 
trix, but vary as the generatrix passes from one position to 
another. 

If it be required to find the equation of the surface in terms 
of the co-ordinates of its different points, we must "substitute 
in the last equation, the values of a and b found in equations 
(3) : the equation of the surface then becomes 




18. If it be required to find the equation of the surface of 
a right cone with an elliptical base, and whose axis shall co- 
incide with the axis of Z, we shall have, for the equation of 
the directrix. 

We shall also have 

a/=0, ^=0, z — c^ 

in which c designates the distance from the origin of co- 
ordinates to the vertex of the cone. These values being 
substituted in equation (5), we obtain 
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Substituting these values for x and y in the equat^m of the 
directrix, and we have 

c 

which is the equation of a right cone with an elliptical base. 

19. If it were required to find the equation of an oblique 
cone with a circular base, the centre of the circle being at the 
origin of co-ordinates, the equation of the directrix would be 

a?» + y« = r«. 
Substituting for x and y the values 

afz — xzf y'z — yzf 

which correspond to them in equation (5), and we shall obtain 
{a/z - xzf)^ + {y'z - yzff = f^(z - zff, 

which is the equation of an oblique cone with a circular base 

20. The* oblique cone, whose equation has just been found, 
will become a right cone with a circular base, if the vertex be 
placed on the axis of Z ; we shall then have 

a?'=0, y'=0, «'=c; 

and hence, the last equation will become 

(j:« + y«)c«=r*(z-c)», 

which is the equation of a right cone with a ciicular base. 
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If we make 

AC = c, 



A5 = r, 



and designate the angle ABC, 
which the generatrix makes with 
the co-ordinate plane YX, by v, 
we shall have 




^6^ = 7-' 



and the equation of the surface will become 

(y« + a?») tang'^w = {z -c^. 

21. Let the surface of this cone 
be now intersected by a plane 
passing through the axis of Y, and 
consequently perpendicular to the 
co-ordinate plane ZX; and desig- 
nate by u the angle DAX, which 
the secant plane makes with the 
co-ordinate plane YX. The equa- 
tion of this plane will be the same 
as that of its trace AD (Bk. VIII, 
Prop. II, Sch. 3) : that is, 

z = x tang M. 

If we combine this equation with the equation of the 
surface, and eliminate z, we shall obtain the equation of the 
projection of the curve of intersection on the co-ordinate plane 
YX. It is, however, better to discuss the curve in its own 
plane, and for this purpose we will refer it to the two axes, 
A y, ADy which are in the plane of the curve, and at right 
angles to each other. 

If we designate the co-ordinates of any point referred to 
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these axes, the one for example which is projected at by 
^% j/f ^6 shall have 

AC^x=^a/ cos w, BC^z^a/ foxLU 

and since the axis of Y is not changed, 

y=y'- 

If we substitute these values in the equation of the surface 
of the cone, we shall obtain for the equation of the intersec 
tion, after reducing, 

y ' tang'w + a/* cos'tt (tang*t; — tang*w) + 2ca/ sin w = c* ; 

01 omitting the accents, 

tang^t; + a? cos'u (tang^u — tang'w) + 2ca? sin w = c*. 

Since this equation is of the second degree, every curve 
of intersection will belong to one of three classes (Bk. VII 
Art. 10), which are characterized by 

J5«-4AC<0, S«-4ilC = 0, ^•-4AC>0. 

By comparing the equation of the curve of intersection 
with the general equation of the second degree, we find 

jB = 0, A = tang*t;, C = cos'u(tang*t; — tang*w). 

TTow we shall have 

-4AC<0, 

when A and C have the same sign; and since tang^v and 
cos*u are positive, A and C will have the same sign when 

tang V > tang ti, 

or w < V ; 

and when this is the case, the curve of intersection will be 
an ellipse. 
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We shall also haye 



when tang v = tang or when t; = m, in which case the 
curve of intersection will be a parabola. 

If tangt^> tang v, A and C will have different signs, and 
the curve of intersection will be an hyperbola. 

22. In order to obtain the forms and classes of the curves 
which result from the intersection of the cone and plane, it 
might, at first, seem necessary to cause the angle u to vary 
from to 360°. But since the surface of the cone is sym- 
metrical with respect to its axis, it is plain that all the varie- 
ties will be obtained by varying u from to 90°. 

23. Let us then resume the equation of intersection, 

y* tang^u + or* cos*w(tang'i;— tang^w) + 2 ca? sin m = c*, 
and begin the discussion of it by supposing 

tt = 0, 

which will cause the secant plane 
to coincide with the co-ordinate 
plane YX. The equation of the 
curve will then become 



a?* + y« = 



tang'v * 



hence, the curve is the circumfer- 
ence of a circle, of which A is the 

c 




centre, and AD equal to 



tang V 



the radius. 



24. If we now suppose u to increase, the curve of inter- 
section will be an elhpse so long as w < v: that is, if a right 
cone with a circular base he intersected by a plane making 
with the base of the cone an angle less than the angle 
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formed by the element and base, all the elements of the same 
nappe will be intersected^ and the curve of interseciion wiU 
be an ellipse. 

25. When u becomes equal to i^, 
the cutting piane becomes parallel to 
an element of the cone : hence, if a 
right cone with a circular base be in- 
tersected by a plane parallel to one of 
the elements, the curve of intersection 
will be a parabola. 

26. When u becomes greater 
than V, the cutting plane will in- 
tersect both nappes of the cone : 
hence, if a right cone with a cir- 
cular base be intersected by a 
plane making with the base of 
the cone an angle greater than 
the angle formed by the element 
and base, both nappes of the cone 
will be intersected, and the curve 
of intersection will be an hyperbola. 

Of the Surfaces of Revolution. 

27. Every surface which can be generated by the revolution 
of a line about a fixed axis, is called a surface of revolution. 

The revolving line is called the generatrix ; and the line 
about which it revolves is called the axis of the surface^ or 
the axis of revolution. The section made by a plane passing 
through the axis, is called a meridian section, or a meridian 
•^e when the surface is of double curvature. 
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28. It is plain, from the definition of a surface of revolu- 
tion, that every point of the generatrix will describe the 
circumference of a circle, the centre of which is in the axis 
of revolution. 

29. If the generating curve be of single curvature, we may 
assume its plane for one of the co-ordinate planes ; and if the 
axis about which it is revolved be a straight line, one of the 
co-ordinate axes may be taken to coincide with this line. 

30. Let DC be any curve in 
the co-ordinate plane ZX, and let 
it be revolved around the axis of 
Z: it is required to determine 
the equation of the surface which 
it will describe. 

If we designate the abscissa Y 
of any point of the generatrix, as D, by r, and the ordinate 
by the equation of the generatrix may be written under 
the form * 

r = F(z): 

the value of, r in terms of z and constants, may always be 
found when the equation of the generatrix is known. 

We have now to express, analytically, the conditions which 
will cause any point of the generatrix, as D, to describe the 
circumference of a circle around the axis of Z. To do this, 
we have only to consider, that the circumference described 
Dy any point of the generatrix, as D, will be projected on the 
co-ordinate plane YX into an equal circumference. If the 
co-ordinates of the points of this circmnference be designated 
by X and y, we shall have 

If we now suppose r to take all possible values which 
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will satisfy the equation 

r = F{zl 

and combine the two equations, we shall obtain 

which is the equation of the surface of revolution. 

31. As a first example, let it be required to determine the 
equation of the surface described by the revolution of a 
straight line which intersects the axis of Z at a given point. 

If we designate the co-ordinates of the given point by 

a/ = 0, = 0, 2/ = c, 
the equation of a line in the co-ordinate plane ZX, passing 
through this point will be 

a? = fl(2r — c), 

and hence the equation of the generatrix will be 

r = a(z — c), 

and this equation shows the value of r in terms of or the 
value of F{z). Substituting this value in the general equa« 
tion of the surface, and we obtain 

a«(2r-c)» = ip« + y«, 

or, a^-f-y« = a*(2: — c)*, 

which is the equation of the surface described by the straight 
line. This surface is that of a right cone with a circular 
base, and its equation is the same as that found in (Art. 20), 
since the angle formed by the element and axis is the com- 
plement of the angle formed by the element and base ; and 
hence, 

1 

tang t;= — . 
a 
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If the vertex be placed at the origin of co-ordinates, we 
shall have c = 0^ and the equation of the surface will become 

a?' + = 

32. If it be required to find the equation of the surface of a 
sphere, of which the centre shall be at the origin of co-ordi- 
nates, the equation of the generatrix will be 

or, r = Vii«-5:«, 

Substituting this value in the general equation (Art. 30), 
and we obtain 

/or the equation of the surface of the sphere. 

33. The surface described by the revolution of an ellipse 
about either axis, is called an ellipsoid of revolution. It is 
also sometimes called a spheroid. It is called a prolate 
spheroid when the ellipse is revolved about the transverse 
axis, and an oblate spheroid, when it is revolved about the 
conjugate axis. 

34. Let it be now required to find the equation of the sur- 
face of a prolate spheroid. If the transverse axis of the 
ellipse coincides with the axis of the equation of the 
generatrix will be of the form 

B*z^ + A^r^ = A^B\ 

/A^B^'-^-B^z* 
hence, r = y . 



Substitutmg this value in the general equation of the sur 
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face of revolution, and we obtain 

which is the equation of the surface of a prolate spheroid. 

35. We should find« by a similar process the equation of 
the surface of the oblate spheroid, to be 

If in either of these equations we make A^B^ we shall 
obtain 

a^ + y* + z^=zR\ 

the equation of the surface of a sphere. 

36. The surface described by the revolution of a hyper 
bola about its transverse axis, is called a hyperboloid of revO' 
lution of tioo nappes. 

The surface described by the revolution of a hyperbola 
about its conjugate axis, is called a hyperboloid of revolution 
of one nappe. 

37. The equation of the hyperbola referred to its centre 
and axes, is 

and by revolvmg the curves about the transverse axis, we 
find 

B^z^--A*{x' + y*)=zA*JB*, ' 

for the equation of the surface described ; and by revolving 
around the conjugate axis, the equation of the surface will be 

A^'z* - F'ix' + s?) = - 

If the asymptotes revolve around the transverse axis, they 
will describe the surface of a cone with two nappes. The ^ 
iurfaco of this cone will approach the surfaces of the nappes 
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of the hyperboloid, and will become tangent to them at an 
infinite distance from the centre. 

38. If a parabola be revolved around its principal axis, the 
su^ace described is called a paraboloid of revolution. The 
equation of the generatrix being of the form 

= 2pz, 

the equation of the surface will be 

a?* + = 2pz. 

39. If the generatrix does not coincide with the co-ordi* 
nate plane of ZX, its equations will be of the form 

x = F{z), (1) 
y = F{z). (2) 

If the generatrix be revolved around the axis of Z, every 
point of it will describe the circumference of a circle of 
which the centre will be in the axis. 

If we designate by r the radius of the circumference de- 
scribed by any point, and by c the corresponding value of 
we shall have 

z = c, (3) a?« + y» = r«. (4) 

But since the point is on the generatrix, every value z — c, 
must satisfy, at the same lime, equations (1) and (2). If, 
tnerefore, the four equations be combined, the resulting equa- 
tion will be the equation of the surface. 

40. Tf it be required to find the surface described by a 
straight line revolving around the axis of Z, the equations of 
the generatrix will be 

x = az + etf i/=zbz + fiy 

and the equations of th3 circumference described by any 
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point of the line will be 

But every value of c must satisfy the two first equations; 
hence, 

a? = ac + «, y=zbc + fi. 

and therefore, 

(ac + -t)« + (6c + /8)«=rf*. 

Substituting for c and r their general values, and we 
obtain for the equation of the surface 

{az + «)» + {bz + /a)» = a?« + y». 

41. If we assume, as we are at liberty to do, the axis of 
X perpendicular both to the axis of revolution and the 
generatrix, the generatrix will then be parallel to the co 
ordinate plane of YZ, and its equation .will become 

a? = «, y = fear, 

and we shall also have 

a = 0, P = 0. 

Substituting these values of a and in the equation of 
the surface, before found, and it becomes 

which is the equation* of a hyperboloid of revolution of one 
nappe (Art. 37). 

Discussion of the General Equation of the Second 
Degree between three Variables. 

42. Tlie general equation of the second degree, will be of 
the form 

^+By^+Cx^+Dzy+Ezx+Fyx+A'z+B'y+Cs +L=0.( l| 
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If now, we change the direction of the co-ordinate axes 
without removing the origin, we shall have the formulas (Bk. 
VIII, Prop. XVII. 

0? = a/ cosX+i/ cos t! cos X\ 
y = a/ cos y + y' cos 7'+ z! cos Y', 
z = a/ cos Z + !/ cos Z^+zf cos 

If *hese values of the variables be substituted in equation 
(1) u will take the form 

m which the coefficients are functions of the angles 

X, X\ X^\, F, 1 F'; Z, Z\ Z^. 

If it be required tliat the new co-ordinate axes shall be at 
right angles to each other, we shall have (Bk. VIII, Prop. 
XVII, Sch. 5), 

cos X cos X + cos Y cos + cos Z cos = 0, 
cos X cos + cos y cos y + cos Z cos = 0, 
cos Xcos COS y'cos cos Z'c OS Z'' = 0. 

But we also have, 

cos'X + cos'y + cos*Z =1, 
cos'^X + cos'F + cos'Z' =1, 
cos«JP'+ cos«y'+ cos«Z''=l. 

The last six equations, are equations of condition between 
the nine angles which the new axes form with the primitive. 
But since there are nine arbitrary constants, three additional 
equations of con(Jition may be established. We may, there- 
fore, make in the transformed equation 

zy = o, E' = 0, F = 0. 

If it be required to find the values of these coefficients in 

tenns of the angles, it may be observed that the terms of the 
21* 
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general equation which contain the first powers of the varia 
bles, will contain no part of tlie coefficients IX, jP^. 
Without effecting the entire operations, we may readily form 
the coefficients, which being placed equal to 0, give the fol- 
lowing equations, 

2 A cos Z cos + D(cos Z cos F + cos Y cos Z') ) 
f 2B cos y cos F + £(cos Z cos ^ + cos Xcos Z') > =0, 
+ 2 C cos Z cos X' + F(cos Y cos JP + cos Xcos Y) ) 

2 A cos Z cos Z''+ D{cos Zcos cos Ycos Z'O ) 
+2B cos y cos Y'+ E(cos Zcos X'-\- cos Jfcos Z'O } =0, 
+2C cos ^cos F{cos Ycos X'+ cos Xcos F') ) 

2 A cos Z' cos Z'' + D (cos Z' cos + cos F cos Z'O ) 
+25cos Fcos F^-h (cos Z^ cos X^' + cos Xcos Z'0> =0. 
+2Cco3XcosX'+F(cos FcosX^+cosX'cos FO) 

These three equations together with the six before estab* 
lished, will enable us to determine the nine angles which 
the new co-ordinate axes form with the primitive. 

Introducing the conditions 

zy=o, E'=0, F=0, 

into tlie transformed equation, and omitting the accents, it 
takes the form 

Az* + By^ + Ca^ + A'z + B'y + ax + L = 0; (2) 

and since the above transformations are always possible, 
the last equation is as general as equation (1) from which it 
was derived. 

43. Let us now transfer the origin of co-ordinates without 
changing the direction of the axes. For fliis, we have the 
formulas 

a: = a-fa/, y — i + y', Z = c + z^. 
Substituting these values of the variables in the last equa- 
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tion, and placing the known terms equal to P, that is, making 

P = Ac^ + Bb^ + Ca* + A'c + B'b + aa + L, 
and omitting the accents, we obtain 



Az^ + By* + Ca^ + 2Ac I z + 2Bb 
+ A' I +B' 



y + 2Ca |a? + P = 0. 



Since there are three arbitrary constants, a, 6, c, intro- 
duced into the equation, such values may be attributed to 
them as to render 

2Ac + A'=0, 2i?6 + 5'=0, 2Ca+C=:0, 

from which we obtain 

A' . B' . a 



2A' ""^ 2B' v^"- 2C" 

These values will be real and#iite, and consequently the 
transformation possible, when neither A, 2?, nor C is 0: 
that is, when the second powers of the three varialjjes enter 
into the transformed equation (2). The equation will then 
take the form 

Az^ + By* + Cx^ + P=zO. 

44. Let us now suppose that the coefficient of the second 
power, of one of the variables, that of x for example, should 
become equal to 0. We shall then have C = 0, and equa- 
tion (2) will take the form 

Az* + By* + A'z + Wy+ax + L = 0. (3) 

If we again transfer the origin of co-ordinates, without 
changing the direction of the axes, we shall have the formulas 

^ = a + a?, y = ^> + yi zzizc + Zf 

in which we have omitted the accents. 
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These values being substituted in equation (3), and the 
coefficients of the first powers of z and y placed equal to 
0» gives 

2Ac + A'=0 and 2J56 + JB'=0. 

But these two equations introduce but two conditions, and 
since there are three arbitrary constants, another condition 
may yet be introduced. Let us therefore make the known 
terms, which we before represented by P, equal to 0. This 
will give 

Ac« + m« + A'c + 5'6 + Cra + L = 0. 
Hence, we have, 

^=-2A' ^= -a • 

and these values will be real and finite, unless 0^= 0, and 
the equation will take the form 

45. If we have, at the same time, C = 0, and C?'=0, the 
last transformation would be impossible, and equation (2) 
would take the form 

Az* + By'^ + A'z + + L = 0. 

Since this equation contains but two variables, and is true 
for all values of x, it is the equation of a cylindrical surface, 
whose rectilinear elements are parallel to the axis of X, or 
perpendicular to the co-ordinate plane YZ (Art. 15.). The 
base of the cylinder is an ellipse when the coefficients A and 
B have like signs, and an hyperbola when they have contrary 
signs. 

46. If the coefficients of two of the terms involving the 
second powers of the variables should become equal to 0; 
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that IS, if we have at the same time 

JB = 0, C = 0, 

equation (2) would reduce to 

Az* + A^z + B't/ + ax + L = 0. 

It will not be necessary to transfer the origin of co-ordi- 
nates in order to determine the form of the surface repre- 
sented by this equation. For, if we intersect the surface by 
a series of planes parallel to the co-ordinate plane YX^ their 
equations will be 

z = Cy z = (/^ z=r(/\ &c. &c. ; 

and if these equations be combined with that of the surface 
the resulting equations will represent the lines of intersection 
Combining the equations, we find 

which represent the projections of the lines of intersection on 
the co-ordinate plane YX, 

But these are the equations of parallel straight lines; 
hence, the surface is cylindrical, and the rectilinear elements 
parallel to the co-ordinate plane YX, 

To find the trace of the surface on the co-ordinate plane 
ZXy make y = 0, and we have for the equation of intersection 

Az^ + A^z + (/x + L=0, 

which is the equation of a parabola. 

The intersection with the co-ordinate plane ZY^ may be 
found by making a? = 0. The curve of intersection is a 
parabola whose equation is 



Az^ + A'z + B'u + L = 0. 
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The surface, therefore, represented by the equation 
Az^ + A!z + B'y + + L = 0, 

is a cylindrical surface with a parabolic base. 

47. Since the general equation of the second degree be- 
tween three variables is symmetrical with respect to the 
three co-ordinate axes, all the results which are deduced by 
suppositions made on the coefficients of either variable, would 
be equally true if made on the coefficients of either of the 
others. 

48. We therefore see, that the equation of every surface 
of the second degree will belong to one or the other of the 
three following classes : 

First Class. 

Second Class. 
Mz^ + Ny^ + Vx^O. 

Third Class. 
Mz^' + Ny^ + Afz + N^y + D^iO, 
Mz" + Mz + N'y + L'a? + D = 0. 

The equations of the third class have already been dis 
cussed. They have been found to represent the surfaces of 
cylinders having for bases an ellipse, an hyperbola, or a 
parabola. We have then only to consider the equations of 
the first and second classes. 

The first of these equations containing only the squares of the 
variables and an absolute term, the form of the equation will 
not be altered by changing +y, +2:, into —a:, — y, -—z; 
and hence, every straight line drawn through the origin of 
co-ordinates, and terminated by the surface, will be bisected 
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at the origin. The origin of co-ordinates is, therefore, called 
the centi'e of the surface. 

49. A plane which bisects a system of chords drawn par- 
allel to each other, and terminated by the surface, is called a 
central plane, and the surface is said to be symmetrical with 
respect to this plane. 

If the equation of the first class of surfaces be resolved with 
respect to each of the variables in succession, we shall find 
for every value of either, a corresponding equal value with a 
contrary sign ; hence, each of the co-ordinate planes will 
bisect all chords drawn parallel to its axis and terminated by 
the surface. Hence also, each of the co-ordinate planes is a 
central plane : the intersection of either two is a diameter of 
the surface, and the point at which the three intersect, is the 
centre. 

60. The surfaces which are comprised in the second class 
have no centres, since they are symmetrical only with respect 
to two of the co-ordinate planes, ZX, YX, The first and 
second classes of surfaces are distinguished from each other 
by this striking characteristic, every surface of the first class 
has a centre, while not one of the second class enjoys this 
property. 

Discussion of the First Class of Surfaces represented 
by the Equation. 

Mz^ + Ny^ + Lx' + P^O. 

51. It is plain, that every variation of the signs which can 
be made among the coefficients of the variables, will be 
embraced in one of the three following cases : 

1st. When the coefficients of the variables are all plus 
and P plus or minus. 
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2d. When two of the coefficients are pluSf one minus^ and 
P plus. 

dd. When two of the coefficients are plus^ one minus^ and 
P minus. 

For, if all the coefficients are negative, change the sign of 
every term of the equation. We shall thus render all the 
coefficients positive, and the sign of P will be plus or minus. 
Again, if two of the coefficients are negative and one positive, 
we may, in like manner, change the signs of all the terms, 
which will render two positive and one negative, and the sign 
of P will still be plus or minus. These three cases will 
give rise to three species of surfaces of the first. 

First species, when M, N, and L are positive. 

62. Let us first suppose P negative. The equation will 
then take the form 

Mz^ + Ny^ + Lx'^^P. 

Let the surface be now intersected by three planes, respec- 
tively parallel to the co-ordinate planes. The equations of 
the secant planes will be 

x=:af 

Combining these equations with that of the surface, there 
resultSy 

for a? = a Jlfo* + iVy« = P - 

« y = 6 ilfz«+Laj« = P-.AT>S 

z = c Ny^+La^=P--M<^; 

from which we see that th^ curves of intersection by planes 
parallel to the co-ordinate planes, are ellipses, which become 
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imaginaiy when 

"•>x- ''>^' •'>w 

that is, when a, 6, c, are either positive or negative, and 
numerically greater than 

Vt' Vf* VS' 

The ellipses will reduce to a point when 




since the intersections will then reduce to 

Mz* + Ny"" = 0, Mz^ + La^ = 0, iVy« + Lar« = 0, 

which can only be satisfied for the values 

a? = 0, y = 0, z=zO. 

The surface, therefore, which we are now considering, is 
limited in every direction, since it is inscribed in the paral- 
lelopipedon, of which the equations of the faces are 

^==t\/f. y=±\/^ *==^\/J 

This surface is called an ellipsoid. 

63. To determine the curves in which the surface is inter- 
sected by the co-ordinate planes, and which are called the 
principal sections of the surface^ it is only necessary to 
combine the equations of the planes with the equation of the 
surface. 





« = 0, 






y = 0, 


Mz* +Lx* = P, 


« 


« = 0, 


Nf + Lx' = P. 
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And for the points at which the surface cuta the three 
axeSv we obtain 

y = 0, z=:Oy La^^Pf whence a? = ^^~, 



« = 0, z = 0, Ay = p, 

The lines 



B'B=2sJj-, EE! =2 

are called the principal 
axes of the ellipsoid. If 
we introduce them into 
the equation of the sur- 
face, we shall have the 
equation of the ellipsoid 
referred to its centre and 
axes. Let us make 




2A = 2 



i' 

firom which we have 
P 



Substituting these values in the equation of the surface 
and we obtain 



Particular cases. 



54. Let us now suppose that the coefficients of either two 
of the variables become equal to each other, for example, 
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iV = Ir: this will give A^B^ and the equation of the sur- 
face will become 

c dividing by A', we have 

an equation which may be put under the form 

y» + x« = -^(C»-n or y» + ^ = f(2:), 

which is the equations of a surface of revolution, the axis 
coinciding with the axis of Z (Art. 30). 
If we make z = const = c, we shall have 

= a constant ; 

which proves that every section, made by a plane perpen- 
dicular to the axis of Z, is a circle. 

If we make, in succession, y = 0, and a? = 0, in the equa- 
tion of the surface, we shall obtain 

A V + (?a^ = A«C», A V + i?y« = A« 

which are the equations of the intersections of the surface 
by the co-ordinate planes ZX^ and ZY, 

If we make M= iV, or ilf = L, the surface will become 
a surface of revolution, the axis coinciding in the first case 
with the axis of X, and in the second with the axis of Y. 

55. If we suppose M=iV=If, we shall have A=5=C, 
and the equation of the surface will reduce to 

2:« + y« f a?«=:A«, 

which is the equation of a spherical surface, of which the 
centre is at the origin of co ^^rdinates (Art. 7). 
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56. Thus far, in the discussion, we hare supposed the 
absolute tenn P to be finite and negative. Let us now 
suppose, in the fiist place, that P = 0; and seccMidly, that 
P is positive. 

The first supposition reduces the general equation to 

Afe» + iVy« + J[^ = 0, 

which can only be satisfied by the values 

ar = 0, y = 0, x — 

and hence, this supposition reduces the surface to a point. 

Under the second supposition, the equation of the surface 
takes the form 

Mz* + Nj/^ + Lx^ + P = 0, 

in which all the terms arc positive. Hence, the equation 
cannot be satisfied for real values of the variables ; and there- 
fore the surface becomes imaginary. 

Hence we conclude, that the ellipsoid, represented by the 
equation 

has four varieties, viz : 

Ist. The ellipsoid of revolution. 

2d. The sphere. 

3d. The point. 

4th. The imaginary surface. 

Second species^ in which M and N arepositive^ L negfOive^ 
and P positive. 

57. These suppositions will reduce the general equation 
to the form 

3fi«-FJV3^«-La?«=-P. 
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ff we now intersect the surface by planes, respectively 
parallel to the co-ordinate planes, we shall have 

for x=za, . ilfc« + iVy« = Li«-P, (1) 
" y = 6, ilfz«- La?« = -(iVi« + P), (2) 
z=c, iVy'-La?« = -(Mc« + P). (3) 

Equations (2) and (3) indicate that all sections made in 
the surface by planes parallel to the co-ordinate planes ZX 
and YX are hyperbolas, having their transverse axes par- 
allel to the axis of X. 

Equation (1) repre- 
sents an ellipse. The 
curve will be real when n^. \ 




a> ± 



and imaginary when 



If, therefore, we make 



CB 



and CA 



=.-n/?. 



we see that the curve will be imaginary for all planes passing 
between the points A and B, and real for all planes which 
are passed at a greater distance from the origin, either on llic 
positive or negative side of abscissas. The sections on dif- 
ferent sides of the origin, and equally distant from it, are 
equal to each other. We therefore conclude, that the surface 
is composed of two opposite and equal branches; and since 
the sections in two directions are hyperbolas, the surface is 
called, an hyperboloid of two nappes. 

The principal sections are obtained by ma^iing, m succes- 
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sion, ap — O, y = 0, z = 0: ihey are 

The first section is an imaginary curve; the two oth()is 
are the hypcAolas MBM\ mArn! ; NBN\ nAn\ of which 
>1J3 is a common transverse axis. 

We find for the axes of the surface 

from wliich we obtain 

Substituting these values in the equation of the surface^ 
it becomes 

The Hne AB^ which is represented by 2 A, is called the 
transverse axis of the surface; and EE\ DI/j which are 
represented by 2BV — 1, and 2CV — 1, are called conjii' 
gate axes. The transverse axis is real, and the conjugate 
axes are both imaginary. 



Third species, in which M and N are positive, L negative^ 
and P negative. 

58. Under these suppositions, the equation of the surface 
will take the form 

Intersecting the surface by planes, respectively parallel to 
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the co*-ordinate planes, we obtain, 

for a? = a, Mz« + iVy« = La« + P, (1) 
y = 6, Mz^^Lx" z=^Nb' + Py (2) 
z = c, Ny*-^Lx' = --Mc^ + P. (3) 

The first ' equation represents an ellipse which is always 
real, whatever be the value of a. The two others represent 
hyperbolas, in which the transverse axes will be parallel to 
tne axes of X when 



The transverse axis of the curve represented by equation 

P 

(2), will be parallel to the axis of Z when 

transverse axis in equation (3), will be parallel to the axis of 

Y when c*<^. 

M 

69. We shall obtain the principal sections of the surface, 
by making a = 0, 6 = 0, c = 0, which gives, 

Mz^ + Ny^=z P, Mz^ ^Lx' = P, Ny* --Lx' = P. 

The ellipse BFC, represented by the first equation, is the 
smallest ellipse which can be obtained by intersecting the 
surface by a plane parallel to the plane YZ. 

The two other sections are 
hyperbolas. The transverse axis, 
C'C, of the one coincides with 
the axis of Z; and BB\ the 
transverse axis of the other, coin- 
cides with the axis of Y. The 
conjugate axes coincide with the 
axis of X, and are both imaginary. 

We find for the axes of the 

hyperbolas 

. 22 
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P P P 

whence, ^ = ^^'W' 

Substituting these values, and the equation of the surface 
reduces to 

The surface represented by this equation, is called the 
hyperboloid of one nappe. 

Particular cases of the Hyperholoids. 

60. If in the general equation we make M=Nf which 
gives C = B, the equations of the surfaces become 

A V + Ay - 5 V = - A*B\ 

A^z"" + AY - 5'^' = + A«J5» ; 

which gives z^ + i/^ = F {x) : 

hence, the two surfaces become surfaces of revolution, of 
which X is the axis. 

61. If we make P = 0, the general equation will become 

The intersections of this surface by the co-ordinate planes 
will be, 

for a? = 0, we have y = 0, z = 0, 
y = 0, z^±xsJyj. 



0, 



hence, the surface is conical, the vertex being at the origin 
of co-ordinates 
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Therefore, the surfaces represented by the equation 
are, 

1st The hyperboloid of two nappes. 
2d. The hyperboloid of one nappe. 
These surfaces have two varieties, viz : the hyperboloids 
of revolution, and the conical surface. 

Second Class of Surfaces in which 

62. The surfaces of this class are divided into two species, 

Ist. When M and N have like signs. 
2d. Wlien M and N have unlike signs. 
If M and N have like signs, they may both be rendered 
positive, in which case will be plus or minus. 

First species, in which M and N are both positive. 

63. Let us suppose, in the first place, that is negative. 
The equation will then take the form 

If we intersect the surface by planes parallel to the co- 
ordinate planes, we shall have 

for a? = a, Mz^ + Ny* = L'a, 

" y = 6, Mz^^Vx^Nh\ 

22* 
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The first is the equaiion of an 
eUipse, wliich is always real when 
a is positive, which reduces to a 
point when a = 0, and becomes 
imaginary when a is negative. 
Hence, the surface extends in- 
definitely in the direction of the 
positive abscissas, and is limited 
in the opposite direction by the co-ordinate plane YZ, 

The two other sections are parabolas whose principal axes 
are parallel to the axis of X, and extend indefinitely in the 
direction of the positive abscissas. 

If we make 6 = 0, c = 0, the equations of the parabolas 
oecome 

This surface is called an elliptical paraboloid. 

64. If we suppose U to be positive, the equation of the 
surface will be of the form 

If, in this equation, we change x into — it will become 

the same equation as before discussed, excepting that x is 
uow negative where it was before positive. 

The surface represented by the last equation will, there- 
fore extend indefinitely in the direction of x negative, and be 
limited in the o*her direction by the co-ordinate plane YZ. 

65. If wo supprse M=Nf the equation of the surface 
will become 

... U 
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which is the equation of a paraboloid of levolution, of which 
X is the axis (Art. 38). 

Second species^ in which M is positive and N negative. 
66. Under this supposition, the equation becomes 

It will only be necessary to consider the case in which V 
18 negative; for if were positive, the term may always 
be made negative by changing x into —a?, which merely 
cnanges the position of the surface with respect to the origin 
of co-ordinates> without affecting its properties. 

If we suppose L' negative, the equation becomes 

If the surface be now intersected by planes parallel to the 
co-ordinate planes, we shall have, 

for a? = a, Mz^ — iVy* = L'a, 
« y = 6, Mz'' = L'x + Nb\ 

« « = c, Ny^^-^Ux + Mc^ 

The two last equations represent parabolas, of which the 
principal axes are parallel to the axis of X. The axis of the 
first extends in the direction of the positive abscissas, and 
that of the second in the direction of the negative abscissas 

The parameters are ^ and 

The first equation represents an hyperbola of whidi the 
transverse axis is parallel to the axis of Z when a is positiye, 
and parallel to the axis of Y when a is negative. 
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The two principal sections, by 
the co-ordinate planes YX, ZX^ 
are the two parabolas, BAB\ OAC^ 
of which the equations are 




The equation of the sections by 
the plane FZ, is 



Mz^ — Ny^ = 0, hence 



the sections, therefore, are two straight lines which intersect 
ea^ other at the origin. 

If we designate the ordinate of either line by y', we have 



and subtracting this from the equation of intersection by a 
plane parallel to YZ, we shall have 



are asymptotes of the projections on the plane YZ of all 
intersections by planes parallel to the co-ordinate plane YZ. 
Hence, if two planes be drawn through the axis of Jf, and 
these Unes respectively, they will contain the surface, and 
become tangent to it at an infinite distance. They will 
therefore have the same relation to the surface which recti 
lineal asymptotes bear to the curves, to which the con- 
^inually approach. 



Mz*—Nj/^ = 0; 



hence, the straight lines whose equations are 
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The sections of this surface being hyperbolas and para- 
bolas, it is called an hyperbolic-paraboloid, 

67. We conclude from the preceding discussion, that the 
general equation of the second degree represents five kinds 
of surfaces, viz : 

1. The Ellipsoid, having for varieties, the ellipsoid of revo- 
lution, the sphere, a point, and the imaginary surface. 

2. The Hyperboloid of two Nappes, which has for a 
variety the hyperboloid of revolution of two nappes ; and the 

Hyperboloid of one Nappe, which has two varieties, the 
hyperboloid of revolution of one nappe, and the conic surface. 

3. The Elliptical Paraboloids, having for a variety the 
paraboloid of revolution. 

4. The Hyperbolic Paraboloid, which has no variety. 

5. The Cylindrical Surfaces, with elliptical, hyperbolic, 
and parabolic bases. These last, however, are a species of 
paraboloids, since they are obtained by supposing that the 
second power of one or two of the variables, disappears in 
the first transformation of the general equation. 

68. It may be remarked here, that the equation of a plane 
being of the first degree, will, when combined with the equa- 
tion of a surface of the second order, give an equation of the 
second degree : hence, the intersection of any plane with a 
surface of the second order, will be a curve of the second 
order. 

Of Tangent Planes to Surfaces of the Second Order. 

69. A plane is said to be tangent to a surface when there 
is at least one point common to the plane and surface, through 
which if any number of planes be drawn, the sections made 
in the plane will be tangent to the sections made in the sur- 
face. But two straight lines which intersect each other 
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determine the position of a plane. If, therefore, through any 
point of a surface we pass two planes, and draw a tangent 
line to each of the curves of intersection at their rommon 
point, tlie plane passing through these tangents will be tan- 
gent to the surface at the common point. 

Of tangent planes to surfaces which have a centre. 

70. The equation of surfaces having a centre is of the form 

Mz* + iVy« + I^ + P = 0. 

Let a/', y'', 2/', designate the co-ordinates of a point at 
which the plane is to be tangent to the surface. These co- 
ordinates will satisfy the equation of the surface, and give 

M2ff^ + ^y ^« + La/'« + P = 0. 

Through the point of tangency, let two planes be drawn 
respectively parallel to YZ and ZX, We shall then have, 

for x^aff^a/', Jkfz« + JVy« + Xo''^ + P = 0, 
y^V'^f, Jtf^« + I^+iVZ/'«+P = 0. 

But the equations of two straight lines, drawn tangent to 
these curves at their common point, of which the co-ordinates 
are a/', \f'^ 2/', are 

X = d'^tJ', Mzzl'^ Nyy"+ Ld'^ + P = 0, 
y^V'^f, Mzzf'+ Lxa/' + Nl/'*+P = 0. 

The equation x = d^= a/', 

represents the projection of the first tangent <xi the co- 
ordinate plane ZX; and the equation 

represents the projection of the second tangent on the co- 
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ordinate plane YZ, • The projections of these tangents coin- 
cide, respectively, with the traces of the secant planes. The 
other two equations, being the common equations of tangent 
lines, are easily recognised. 

The equations of these tangents may be placed under the 
forms, 

x-V.z + a, y- ^^,.z - . 



J., z- j;,, , y-^J.z+u. 



^ ia/' " La/' 

comparing these with the general equations of two straight 
lines, we find, for the first, 

and for the second, 

' It is now required to find the equation of a plane which 
shall pass through these two tangent lines. 

The equation of a plane passing through the point of tan- 
gency, is of the form 

A(a?-a/0 + 5(y-yO + C(:r-«'0 = 0; 

and this plane will contain both of the tangents (Bk. VIII% 
Prop. XII), if 

Aa+Bb +C = 0, 
and Aa!+B}/+C = 0. 

Substituting in these equations the values of a, af^ V, 
before found, and we have 

®^-^+^=°' ^=^--^' 

A X rjr- + ^=^> whence, A = „ . C. 

Lx' Mz' 
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Sabstituting these values in the equaUon of the plane, and 
we obtain 

M z'' - S) + A/' (y - y'O + J^' (a: - a'O = 0, 
cr by reducing, and recollecting that 

jif + Uf^ + = - P, 
we obtain, for the equation of the tangent plane, 
MzJ'^ Nyf-^ Lxa/'+ P = 0. 

Of tangent planes to surfaces which have not a centre. 
70. The equation of the paraboloids is 

I 

Mz* + Ny* + 2li'x=0, 

by making 2L"=L'. 

If we designate the co-ordinates of the point of tangency 
hy a/', we shall have. 

+ Ni/'* + 2L'V' = 0. 

The equations of the curves of intersection, by planes 
passing through the point of tangency and respectively par 
allel to the co-ordinate planes YZ, ZX, are 

ir = a"=a/', Mz* + iVy« + 2W =0, 
y=b''= Mz" + 2 y'x + NW"" = 0. 

The equations of the tangents to. these curves, at their 
conunon poipt, are 

y^W^ Mzz''+ L'\x + a/0 + = 0. ^ 
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Comparing these with the general equations of two lines, 
aiid we find 

^ = ^' ^= ^ = 

The equation of a plane passing through the point of tan- 
gency, isoftheform 

A(a?-a/0 + 5(y-/0 + C(^-«'0 = 0; 

and this plane will contain both the tangents, if 

Aa + jB6+C = 0, and Aa'+-By+C = 0. 

Substituting the values before found for a, 6, 6', and 
we have, 

^^-^^+^=^' ^=^'^' 

Mz" V 

Ax hC = 0; whence, A=-— t^-.C. 

Mr' 

If these values be substituted in the equation of the plane, 
it becomes 

or by reducing, and recollecting that the co-ordinates of the 
point of tangency satisfy the equation of the surface, it 
becomes 

Mzzf'+ Nyy''+ L''{x + a/') = 0. 

72. If a line be drawn perpendicular to a tangent plane at 
the point of contact, it is said to be normal to the surface, 
and is called a normal line. 

If the equation of a normal be required, and the tangent 
plane and the point of contact are known, the problem con- 
sists in finding the equations of a line which shall be perpen- 
dicular to a given plane at a given point. 
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The equations of a normal, in the first class of surfaces, are 

and in the second class. 

Of the Generation of the Hyperholoid of one Nappe 
and of the Hyperbolic Paraboloid, by the movement 
of a straight line, 

73. It is now proposed to show, that the hyperholoid of 
one nappe and the hyperbolic paraboloid, may each be gene- 
rated in two different ways by the movement of a straight 
line. 

74. Let us resume the equation of surfaces which have a 
centre, 

Mz^ + Ny^ + La^ + P = 0. (1) ^ 



The equation of a tangent plane is 

Mzz'^+Nyi/'+Lxa/'+P^O; (2) 

and since the co-ordinates of the point of tangency satisfy the 
equation of the surface, we also have 

Mz^'^ + Ny^'^ + La/'^ + P^O, (3) 

In order to determine the points which are common to the 
tangent plane and surface, we must combine their equaticms. 

Now, if twice equation (2) be subtracted from the sum of 
equations (1) and (3), the result may be placed under the 
form, 

M(5:-2/0' + ^'(y-y'0• + i(^-^p'0■ = o, (4) 
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in which a?, y, Zy are the co-ordinates of all the points which 
are common to the tangent plane and surface. 

If the coeflScients Af, iV, L, are positive, the surface repre- 
sented by equation (1), will be an ellipsoid (Art. 53). Under 
this supposition, equation (4) can only be satisfied by making 

a? = a/', y=y, and z = zf^ ; 

and hence, the ellipsoid and its tangent plane have but a 
single point in common. 

75. Let us now suppose M and N positive, and L nega 
tive. Under this supposition, equation (4), which represents 
the points common to the tangent plane and surface, will 
become' 

M{z^zfJ + N{y-^fY^L{x-'a/J = 0. (5) 
The equation of the tangent plane 

Mzzf'+ Nyf^ Lxa/'+ P = 0, 
may be placed under the form, 

Mz!f{z - zff) + Ni/'{y - f) ^La/'{x^ a!') = 0. (6) 

It is now required to find all the values of a?, y, and Zy 
which will satisfy equations (5) and (6). 

For this purpose, let us combine with each, the equations 
of a straight line passing through the point of tangency. 
These equations are, 

If now we combine equations (5), (6), and (7), and find 
-single and real values for a and b, the surface and tangent 
plane will have one straight line in common; if a and i 
have two values, they will have two lines in common ; and 
if a and h are indeterminate, there will be an infinite number 
of straight lines common with the plane and surface 
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Substituting the values of a: — a!'^ y — y", in equations (5) 
and (6), they become 

{z - zf') {Mz'f+ Nbi/^^ Lao!') = 0; 

or by dividing the equations respectively by {z-^z!'^ 
and z-^zf'y 

M+m-^Ldf^O, (8) 
Mzf'+Nbf^Laa/':=zO. (9) 

which are the equations of condition in order that the straight 
line shall coincide with the tangent plane and surface. Let us 
now see if these equations will give real values for a and fc. 
We find from equation (9), 

Nt/'h + Mzf' 
a =-^^^7 • 00) 

Substituting this value in equation (8), and reducing ^ 



Whence, —---—-^ . 

But, Mz"'* + Nt/'* - La/'%= P, hence, 

Since the negative sign belonging to L has already been 
attributed to it, and since M and N are both positive, the 
quantity under the radical will be negative when P is nega- 
tive, and positive when P is positive. But when P is nega- 
tive in the second member, the surface is the hyperboloid 
of two nappes (Art. 67) ; and when P is positive, it is the 
hyperboloid of one nappe (Art. 68). In the latter case, b 
hzs two real values ; and if these values be substituted lit 
equation (10), we shall find two real values for a. Hence 



BOOK IX. 351 

if a tangent 'plane he drawn to the hyperholoid of one nappe, 
at any point of the surface, it will contain two straight lines 
common to the plane and surface, which intersect each other 
at the point of contact. 

The surface of the hyperholoid may therefore be generated 
by the movement of either of these lines ; hence we say, that 
it has two generations. 

76. Let us now pass to the paraboloids, of which the 
equation is 

Mi« + iVy« + 2L''a? = 0; (1) 

and the equation of the tangent plane, 

. Mzz''+Nyy''+V'{x + a/') = 0. (2) 

But since the point of contact is on the surface, we have 

Mz'^^'\'Nf' + 2L''a/'=0. (3) 

If we add eqUc*tions (1 ) and (3), and from the sum subtract 
twice equation (2), we shall find 

Miz^z^y + N^y-^i/J^^O. (4) 

Now, if M and N are both positive, which supposition 
gives the elliptical paraboloid (Art. 63), there will be but one 
point common to the tangent plane and surface. 

But if we take the hyperbolic paraboloid, in which N is 
negative, equation (4) will become 

M{z-^z'y^N{y^7/J = 0; (5) 
whence, y - 5^'= ± - 2^0 

from which we see, that equation (5) represents the projec- 
tions on the co-ordinate plane YZ of two straight line9 which 
are common to the surface of the hyperbolic paraboloid and 
the tangent plane, and which intersect each other at the point 
of contact. 
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To determine the directions of theae lines, we will place 
the equation of the tangent plane under the form 

Mz^'iz - z'^) + Nj/'{y - + - a/') = 0. (6) 
Let us now combine the equations 

of a straight line passing through the point of contact with 
equations (5) and (6). After dividing by the common factor 
(z — z^^y, we find 

Nb^ = 0, Mz"'^ Nbt/'+ V'a = ; 

Id 



whence, 6 = d= y — , 

and a= jjj , 

values of a and 6, which are always realy when the surface 
is the hjrperbolic paraboloid. Hence, two straight lines may 
alioays be drawn through any point on the surface of a 
hyperbolic paraboloid^ which shall coincide with the surface^ 
and therefore tJie surface may . be generated by the movement 
of either one of tivo right lines. 

If we substitute, in equation (7), the value of 6, we find 



N' 

which corresponds with equation (5). 

Since b is independent of the co-ordinates of the point of 
contact, a/', i/^ zl'^ it follows that the projections of ail the 
elements of each generation on the co-ordinate plane YZ, 
are parallel to each other : hence, the elements of the same 
generation are situated in a series of parallel planes, and are 
consequently parallel to a given plane, which is called the 
^lane-director. 
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